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PREFACE 


M odern vector analysis is ^sentially an off- 
shoot of the work of Grassmann and of the 
quaternionic investigations of Hamilton, both rich 
sources of mathematical knowledge* Neither line of 
inquiry has received much development. Hamilton 
did indeed originate schools of workers following his 
methods, but the number of these who have really 
made the quaternion method their own and have 
converted it into a useful weapon for further research 
is indeed small. 

As for Grassmann, his work initially remained 
quite unnoticed, and even to-day is rarely studied. 
Portions of it have penetrated into mathematical 
teaching and int^he exact sciences, to the permanent 
advantage of the investigator. In my opinion, the 
methods and lines of inquiry opened up by Grassmann 
are far from exhausted. Many more of his ideas will 
yet become the property of the mathematician and 
of the mathematical investigator, and will be absorbed 
into general teaching. In the present work I have 
striven to correlate the customary conceptions of 
vector analysis with the fundamental ideas of Grass- 
mann’s treatment. I have, however, not always 
kept close to his. terminology. It would, for example, 
be futile to attempt to discard the term ** vector'’ 
even if it be admitted that interval ” (streeke) is 
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better. As far as the representation of scalar anc 
vector products are concerned, I have not followec 
the system adopted by the Mathematische Enzy- 
klopadie,** but rather that introduced by Gibbs. Foi 
the round and the square brackets, which are utilisec 
for representing these operations in the Mathe- 
matische Enzyklopadie,” cannot be dispensed with 
for their normal interpretation in applications of the 
distributive law. Because of this dual interpretation 
of the brackets the formulse become clumsy and 
difficult to check. In the treatment of tensors I 
owe much to Gibbs, for in this connection Grass- 
mann’s notation is too special. 

This, the first volume, contains the vectorial 
analysis of three dimensions. In the second volume, 
that of four and more dimensions, playing an 
important part in the theory of relativity, will be 
treated. In that case the conception of the tensor 
is of first importance. It is one of those ideas to 
which Grassmann so prophetically referred at the 
conclusion of his addresses in 1862 : — 

Ich weiss dass einst diese Ideen, wenn auch 
in veranderter Form, neu entstehen und mit der 
Zeitentwicklung in lebendige Wechselwirkung treten 
werden.” 

Gottingen 

May, 
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CHAPTER I 

VECTORS AND VECTORIAL AREAS 
§ I. The Conception of a Vector 

L et a and A' be two given points in space. Passing 
outwards from both points in the same direction through 
the same rectilinear distance we obtain the two points B 
and B' respectively. We then say that the ‘'vector” which 
leads from A to B leads likewise from A' to B', or the vector 
that leads from A to B is equal to that leading from A' to 
B'. A vector is thus an entitj^ possessing direction and 
length and is completely characterised by these two pro- 
perties. Two vectors are unequal when either their direc- 
tions or their lengths, or both their directions and their 
lengths, are unequal. Two vectors having the same length 
and the same direction are equal. 

We propose to represent a vector with small heavy 
(Clarendon) type, e.g. a or b or p or x in contrast to quan- 
tities representing positive or negative numbers which will 
be represented by small italic or Greek letters, or to 
points which will be indicated by large Roman letters. 
Moreover, the form of equation customary in algebra 

a = b 

will be used to express the idea that the two vectors do 
not differ from each other. 

All quantities with which a direction may be associated, 
as for example a speed, an impulse, a force, an acceleration 

X 
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and many other types of quantity which arise in the con- 
sideration of physical phenomena, may be represented 
geometrically by vectors as soon as we have determined 
what length of the unit of measurement is to be associated 
with the quantity in question. The directed quantity of n 
units of measurement is then represented geometrically by 
a vector in the same direction and n units of length. 

§ 2. The Addition of Vectors 

From two arbitrary vectors a and b a third, vector c may 
be derived in the following manner. From an arbitrary 
point A draw the vector a terminating at a 
point B, and from B draw the vector b ter- 
minating at the point C ; then c is the vfector 
which leads from A to C. This derivation 
of c by the association of a and b we propose 
to represent by the plus sign + thus : 

a + b 

so that we say the two vectors a and b are 
added together. 

That the same sign and the same word 
should here be used as occurs in algebra in 
a different ■ connection will, as we shall see 
presently, be fully justified in that the laws for 
the addition of vectors are perfectly consistent 
with those for the addition of mere numbers. 
It is a great simplification to utilise the same sign ; at the 
same time there is no possibility of confusion so long as 
our method of representing vectors (by Clarendon type) is 
different from our method of representing mere numbers 
(by italic letters). 

That the vector c arises by the association of a and b 
in the manner described is conveyed by the equation : 

(i) a + b = a 

If the vector b is set off from the point A first terminating 
at the point B' (fig. then the vector « when set off from 
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B' leads to the same point Q as before and the result of the 
addition in this order is to lead to the same vector c. This 
fact is expressed by means of the equation : 

(2) a + b = b -h a. 

It follows that just as in the addition of two numbers the 
order of summation may be reversed without affecting the 
sum, so the two constituent vectors in the above vectorial 
summation may be interchanged without affecting the result. 

If the two constituent vectors are equal in length but 
opposite in direction then the point C coincides with the 


C 




1 ^ 

Fig. 3. 

point A on adding and the vector c vanishes. As in the 
sum of two equal and opposite numbers, we may write this 

a + b = o, 

or also. a s=: - b. 

Under these circumstances we say the vectors are opposite. 

Let A, B, C, D be four given points in space, and let a, 
b, c be the vectors leading from A to B, from B to C, and 
from C to D respectively (fig, 3). Adding a and b we 
derive the vector a + b and to this we add c ; hence we 
obtain the vector 

(a + b) + c 


C 
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leading from A to D. On the other hand, if the vectors b 
and c are added together so that we have b 4* c leading from 
B to D and if to this we add a we obtain the vector 

a + (b + c) 

also leading from A to D. Accordingly we have 

(3) (a^ + b) 4- c = a + (b + c), 
or, in other words, in adding 

a 4- b 4- c 

the position of the brackets is immaterial. Now since in 
adding two vectors a 4- b or b + c the two vectors may be 
interchanged, it appears that in the summation 

a + b 4- c 

each vector may be interchanged with its neighbour without 
affecting the final result and each of the three terms may be 
allowed to occupy any one of the three possible positions ; 
in other words, just as in the addition of three numbers the 
order of summation does not influence the result. The six 
possible arrangements of the three terms correspond to six 
broken lines leading from A to D each with three sides 
formed from a, b and c in some sequence. 

Now suppose there are n vectors, 

leading respectively from Aq to A^, etc. , to A„, then by adding 
a^^ to ag, then to the resultant and so on as far as a^, a 
vector is finally derived which leads from A^ to A^. But 
the same vector arises if groups of these constituent vectors 
are first associated ; for example, if to a^ ^ ^ are associated 
together to form the vector leading from A^- _ ^ to the 

points Ai to would be omitted from the sequence 

Aq . . . A„. That in both cases the same resultant vector 
is derived can be expressed by means of the equation : 

( 4 ) % + % + - • • + 4- , . . 4 - a;^ 

= ai 4- ag + . • ' + (a^ + . , . +a^^;i)4- 
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In other words, the resultant vector 

Hq + Hi + , . • + 

is not affected by enclosing any sequence of terms in a 
bracket. From this it follows at once that the resultant 
vector is unaffected if any term is interchanged with its 
neighbour a^- For if a^ 4* ^ ^ are bracketed together, 

within that bracket these two terms, as we have already 
seen, may be interchanged and then the brackets may be 
dropped. Geometrically this means that in the sequence of 
points Aq, Ai, . . . An the point A^ is replaced by another 
A/ which is reached from A^ by the vector a^_,.i, the 
vector a^* then leading from A/ to A^ + By successively 
interchanging two neighbouring terms in the expression 

ai + ag + ... “i- a^ 

any term may be transposed to any arbitrary position ; as 
with the summation of any arbitrary number of ordinary 
numbers the resultant in this case is independent of the 
order of the terms in the sequence. 

§ 3. VEcibRiAL Equations 

If the first point Aq of the sequence Aq, Aj, Ag . . . A« 
coincides with the last point A^ the resultant vector vanishes. 
This may be expressed by means of the equation : 

(1) ai 4- ag + as + . . . + a^ = o. 

An equation of the form 

(2) a^ 4- ag 4- ... 4 - a^ = bi 4- bg + ... + b^ 

indicates that the vector formed by the addition of the 
vectors a^ . . . a^ is equal to the vector formed by the ad- 
dition of the vectors bi . . . b^., where it is not impossible 
that the resultant in both cases is zero. Such equations 
we term ‘Rectorial equations.” Any term tnay be trans- 
posed to the opposite side of the equation provided its sign 
be altered. For since the same vector may be added to 
both sides of the equation without invalidating it, it is 
merely necessary for example to add the vector - b^* to both 
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sides. On the right-hand side and - bj may then be 
brought together and bracketed, thus giving zero, so that 
they may be dropped out together. The result is such that 
bf disappears entirely from the right-hand side while on the 
left-hand side it appears as - b,-, written thus for short in- 
stead of + (- bj). 

If all the vectors except one in a vectorial equation are 
known, then the latter may be determined by bringing all 
the remaining vectors to the other side of the equation. 

For example, it follows from ' 

(3) a -1- X = b, 

where a and b are known and x unknown, that 

(4) X = b - a 

by bringing a to the other side of the equation. 


§ 4. Examples of the Addition of Vectors 

The association of vectors plays a fundamental part in the 
consideration of all directed quantities. If, for example, a 
body moves in a plane with a velocity represented by a 
vector a, and a second body moves relative to the first with 
a velocity b, then the total velocity of the latter is a 4- b. 
If this total velocity is represented by c then its relative 
velocity is c - a. A ship travelling with a velocity a and 
acted on by a wind with velocity c, experiences a relative 
wind c - a. The flag . at the mast or the smoke at the 
funnel indicates the relative wind (fig. 4), 

Two forces acting at a point combine according to the 
so-called parallelogram law, that is, their effect can be repre- 
sented by that of a single force (the resultant) whose direc- 
tion and magnitude is determined by the diagonal of the 
parallelogram whose sides represent the two forces. If the 
two vectors a and b represent the two forces then the re- 
sultant is a + b. If more than two forces operate at the 
point then they may be combined in this manner into a 
single force, which acting alone would produce the same 
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result as all the other forces acting together. If the latter 
are represented by ai, a^, . . . a„ then the resultant is : 

+ ^2 • • • + 3 ^- 

In the special case where the system of forces is in equili- 
brium then the resultant vanishes, and accordingly : 

(i) a^ + aj -I- . . . + a« = o. 

Interpreted geometrically this means, as has been seen above, 



Fig. 4. Fig, 5. 


that the constituent forces when set off one at the end of the 
other must form a closed polygon. 

Suppose a tramway car starts to move with constant ac- 
celeration so that the gain in speed per second is represented 
by the vector a ; a body falling freely in the carriage during 
this accelerated motion experiences relative to the earth the 
same acceleration as every other freely falling body. Let the 
vector g represent the gain per second in speed acquired as 
a consequence of the force of gravity ; relative to the car- 
riage, however, it experiences an acceleration specified by 
g - a. A body falling from relative rest in the carriage 
moves relative to the latter in the direction of the vector 
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identical with that used in algebra. It may be extended to 
an arbitrary number of terms. For if the formula 

(4) aai + ^2 + • • • + == a(ai + 32 + ... + 

be assumed true for « — i vectors, it may be immediately 
proved true for « vectors. Let, in fact, 

®i + 33 + ... + = c, 

then for the two vectors c and an 

ac + aa„ = a(c 4- a„). 

Now insert for c its value, then on the given assumption 
it follows that : 

(5) + aa^ + . . . + ^zaft = a:(aj + aj + . . . + an). 

The equation may be geometrically interpreted in the 
following manner : — 

Commencing with a point Ao, set off the vectors aj, a.^, 

. . . an one at the end of the other in succession ; in this way 
a broken line AoAiAj ... An is formed, where some of the 
(« + i) points Ao, etc., occupying any positions in space, 
may in particular cases coincide. The vector leading 
directly from Aq to An is then : 

aj^ + aj + . . . + an. 

Multiplication by a positive number a implies that the 
whole figure is increased in scale a:-fold. All the vectors 

a^, a^, ... Aft then become aai, aa^, . . . aa„ 
a^ + a2 + . . . 4" a,, 
becomes a(ai + a^ + ... 4- a„). 

At the same time it still remains true that the latter 
vector 'is composed of the sum of the others. With a 
negative value for it, in addition to a change of scale, the 
direction of all the vectors is reversed. 

§6. Numerical Derivation of a Vector from a 
Set of Others 

Every vector p having the same direction as another 
vector a or the opposite direction, can be derived from the 
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latter by multiplying by a positive or a negative number ; 
thus : 

(1) p = XSL, 

If two vectors and Hg are neither equal nor oppositely 
directed, and if a third vector p is derived from these two 
by means of the equation 

(2) p = + ;t‘2a2, 

then the three vectors p, and ag are all parallel to the 
same plane. For according to what has been already said, 
it follows that if the three vectors - p, x^ai, jtTgag are set off 
in succession each from the extremity of the preceding, they 
will form a closed triangle. Every 
vector q, parallel to the same 
plane, may be thrown into the 
form 

^r^ai + ;ir2a2 

by a suitable choice of and 
For if q is set off from any point 
O, terminating at Q, and if through 
O and Q parallels are drawn to 
and ag (fig. 8) then these parallels 
form a parallelogram OQiQQ 2 - 
The vectors from O to and from Qi to Q, since they are 
parallel to a^ and ag, may be represented in the form 
and x<^a^, where the numbers x^ and x^ represent the ratio 
of their lengths to a^ and Og (taking the opposite direction 
when the ratio is negative). Since together they form the 
vector q it follows that : 

( 3 ) q = + ^2^2. 

We then say that q is numerically derived from and ag. 

Accordingly it is to be concluded that all vectors that 
can be derived numerically from a^ and a^ by selecting 
suitable positive or negative numbers (where one of the two 
numbers may be zero) are parallel to one and the same 
plane ; and conversely any vector parallel to this plane may 
be numerically derived from a^ and ag. 


a 
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If three vectors ai, aj, are of such a nature that no one 
of them may be derived numerically from the others, then 
any arbitrary vector p must be capable of representation in 
the form 


(4) P = + x^a^, 

where X2, and x^ are positive or negative numbers. To 
prove this imagine p drawn from any point O, and termin- 
ating at P. Through O pass a plane parallel to the vectors 
and Hj. If the vector p lies in this plane then it must be 
immediately derivable from and a^, and x^ will be zero. 
If it does not lie in this plane, then P lies outside the plane. 
Through P draw a parallel to aj, which must cut the plane," 
otherwise aj would be parallel to the plane, and therefore 
numerically derivable from a^ and a^, contrary to our hy- 
pothesis. Let Pi be the point of intersection, then the 
vector OP 1 must be numerically derivable from a^ and a.,, 
and the vector PjP from a^ ; that is to say, they must be 
capable of being represented in the respective forms : 

x^a^ + .^202 and x^a^. 

By adding the two vectors OPi and PjP we have : 


p — x^a^ -1- x^a^ + x^ag. 

We may consequently assert that from any three vectors 
which cannot be derived numerically from 
rach other, an arbitraiy vector may be numerically derived. 
Xmagme the Aree vectors ai, aj, a^ drawn from a point O 
and terminating at Ai, A2, Aj respectively. Let the vector 
p be dso dravm from O and terminating at P. The lines 
*1, ■ the axes of co-ordinates and 

_ e planes OA2A,, OAgAi, OAiAj the co-ordinate planes. 
If through P three planes are drawn parallel to the co- 

co-ordinates in the 

three points Pj, P^, P3, and with the co-ordinate planes en- 
close a parallelepiped, one of whose diagonals is OP, The 
vectors jtiai, x^ag,. and x^ lead from O to Pj, P„, and P and 

thus consist of ^me edges of the parallele^ipe^d^Kit 

The numbers express the ratio of the 
lengths of these three edges to OAi, OA2, and OA, and in- 
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dicate at the same time by their sign whether OP^ is simi- 
larly or oppositely directed to OA^ (fig. 9). We term OA;^, 
O Ag, and OA3 the unit lengths, the parallelepiped determined 
by them the unit volume, and the parallelograms fixed by 
OAg, OA3 ; OA3, OAj ; and OA^, O Ag ; the unit areas. 
The numbers called the co-ordinates 

of the point P in the co-ordinate system OAi, OAg, OA3. 
They will be referred to here as the coefficients of the 
vector p with reference to the vectors ag, ag. 

Between any four arbitrary vectors a^, ag, aj, a^ there must 
exist at least one relation of the form : 

(5) + .tTgag -h ^Tgag + = o. 

P 

P 


A 

Fig. 9. Fig. 10. 

For if no such relation holds among any three of them, for 
example a^, ag, ag so that in fact is not zero, then it follows 
from what has been done, that the vector - where x^ 
may be an arbitrary positive or negative number, must be 
derivable numerically from a^, ag, ag. Hence 

x^a^ + ;ir2a2 + ;ir3a3 = - x^a^ 
or x^ai + X2a2 + ;ir3a3 + x^a^ = o. 

§ 7. The External Product of two Vectors 

Let p and q be two arbitrary vectors. Suppose p drawn 
from a point A and terminating at B ; and from B suppose 
q drawn to C. Now translate the vector p parallel to itself 
$0 that its terminal point runs along !D 0 ^to C. It will then 
describe a parallelogram ABCD (fig. 10) on whose boundary 
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a definite direction ABCDA in the description of the area is 
given by the direction of the two vectors p and q. This 
plane area determined by the two vectors and definitely 
associated with a particular direction of description we term 
the external product of the two vectors. If the rdles of two 
vectors are interchanged, so that the vector q is first set off 
from A to D, and then the vector p from D to C, the end- 
point of the vector q then being translated along the length 
DC from D to C, the area ADCBA will then be determined. 
In this case while the actual content of the parallelogram is 
the same as before, the direction of description is in the 
opposite sense. It is necessary to distinguish between these 
two cases since, as we shall see presently, the sense of 
description along the boundary plays a very important 
part. The actual area, moreover, of the figure is of special 
significance, but the particular shape of the boundary is of no 
consequence. Any plane area parallel to the vectors p and 
q whose content (area) and direction of description is identical 
with that of the parallelogram ABCDA we may say, is equal 
external product of p and q, and for this the symbol 

pq 

will be utilised. If, on the other hand, the direction of 
description is reversed, then we say it is equal to the external 
product of q and p and we write it 

qp. 

A plane element of definite area and sense ui uescnption we 
will call a vectorial area. Two vectorial areas may then be 
said to be equal, and only then, when their planes coincide 
or are parallel, when their areas are equal and when their 
sense is the same. Vectorial areas we shall indicate by large 
heavy type, pq and qp represent opposite vectorial areas, 
having indeed the same areal content but opposite senses. 
For every given vectorial area a parallelogram of equal area 
and sense may be found so that the vectorial area will 
equal the external product of the two vectors forming two 
successive sides of the parallelogram. It follows that either 
of these two vectors, for example the first, may be arbitrarily 
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chosen, provided it is parallel to the vectorial area. This 
will fix one side of the parallelogram. The opposite side 
must then be at such a distance that the area enclosed equals 
that given, but the side may be moved to any position in the 
direction of its own length. The given sense of description 
specifies which of the two possible positions for the vector is 
to be selected. 

§ 8. The Addition of Vectorial Areas 

The reason why the vectorial area which originates from 
the two vectors p and q is termed a pfoduct lies in the fact 
that it obeys certain laws very closely analogous to the laws 
for the multiplication of two numbers. Nevertheless the laws 
are not quite the same. This has already become evident 
from the fact that p and q are not interchangeable, pq and 
qp are not considered equal, but opposite, and their sum is 
set equal to zero : 

(1) pq = - qp; pq + qp = o. 

On the other hand, other analogies certainly exist. If we 
construct the external product of the sum of two vectors 
qi + qa with a vector p lying in the same plane, then from 
fig. 1 1 the accuracy of the equation 

(2) (qi + q2) P = qi P + QaP 

is at once evident* 

For the left-hand side of the equation represents the 
parallelogram ACC'A' which is traced out by parallel 
displacement of the vector p, along AC, and with the sense 
of description ACC'A'. On the right-hand side of the 
equation the first term represents the parallelogram ABB'A' 
which is swept out by the vector p when its end moves along 
AB, while the second term represents the parallelogram 
BCC'B' which is swept out by the motion of BC along the 
vector p. In actual fact the area of the parallelogram 
ACC'A' is equal to the sum of the areas ABB'A' and BCC'B'. 

* It must be noticed that figs, ii, 12, 13, 14 are not for the moment to be 
regarded as representing projections of spatial figures, but merely plane 
figures. 
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It is merely necessary to translate BB' along its^own length 
so that B comes into the straight line AC (to B, fig. ii), in 
which case the two external products on the right-hand side 
will not alter ; B' will then fall in C'A' (becoming the point 
B', fig. 1 1) and the parallelogram ACC'A' separates into two 
portions with the same direction sense along the boundaries. 
The one portion is equal to q^p and the other to q^p. 



The special case may arise where the straight line BB' 
cuts the straight line AC when produced (figs. 12 and 13); 
the two external products q^p and qgp are then of opposite 
signs. The parallelogram ACC'A' has in that case the same 
sense as the larger of the two parallelograms ABB' A' and 
BCC'B'. By translating BB' along its own length, these 



transform into ABB' A' and BCC'B'. The larger of these 
two, for example the parallelogram ABB' A' in fig. 12, may 
be considered as of two portions in which the one has the 
same area as, but is of opposite sense to, that of qgp, so that 
this portion may be removed. The remaining portion is then 
id^tica^ with ACC'A'. In fig. 13 the larger parallelogram 
is BCC'B'. It breaks up into the two portions BAA'B' and 
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ACC A', the former of which is neutralised by q^p. All these 
cases are included in the formula 

(3) (Qi + q2)p = QiP + q2p 

if only a convention is agreed upon associating sign and sense 
of description. Which sense is to be taken as positive is 
quite arbitrary. The formula in question corresponds to the 
ordinary law in algebra for the removal of brackets : 

(4) (^1 + a 2')6 = + a ^ b . 

If the combination of vectors is considered as analogous to 
the addition of numbers, the new operation may be compared 






with multiplication, even though the analogy is not quite 
complete. Two similarly or oppositely directed vectors give 
zero as external product. In this case the sides of the 
parallelogram fall into one straight line, so that the area 
vanishes. In this case also the formula 

(5) (Qi + q2)p = qip + qgp 

example q^ + qg is parallel to p, so that 
ACC A' vanishes, then BB' will be parallel to the line 
AA'CC', and the two parallelograms ABBA' and BCC'B' are 
of equal area but of opposite sense; q^p and q.p thus 
neutralise each other. 

■ ■ 2 
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If qg is similarly or oppositely directed to p then q^p 
vanishes and therefore 

(6) (qi + q2)p « QiP, 

or in words,- the parallelogram ACC'A' may be transformed 
into ABBA' without alteration of its area or sense by 
sliding the portion CC' along its own direction. 

The formula 

(7) (Qi + ^2)p == QiP + ^2p 
may also be written in the form 

(8) p(qi + qa) = PQi + pq^. 

For if the factors'' are interchanged in each external 
product on both sides, the result is the same as if both sides 
had been multiplied by - i, thus not 'affecting the truth of 
the equation. 

If any two vectorial areas are to be added together, i.e. if 
a vectorial area is to be found whose sense of description is 
the same as that of the larger of the two vectorial areas and 
whose area equals the sum or difference of the areas of the 
two given vectorial areas according as their senses are the 
same or opposite, then this can be effected by representing 
the two given vectorial areas in the form of two external 
products 

qip and q^p, 

in which one factor, for example the second, is common to 
both. Then 

(qi + q2)P 

is equal to the required vectorial area. 

Two vectorial areas which are not parallel to the same 
plane may be combined according to the following law to 
form a third vectorial area Since the two vectorial areas 
are not parallel, any two planes parallel to them will meet. 
Let p be a vector parallel to the line of intersection, then, as 
we have seen above, the two areas may be brought into the 
form: 

qjp and q^p. 
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Construct the sum and call the v^tprial" atdS^vi^^MiGili 

equals 

(fli + qj)P, 

the sum of the two given vectorial areas. The formula 
(Qi + qa)? = QiP + QaP, 

which we had to prove for the addition of parallel vectorial 
areas since in that case addition already had a meaning, 
may now be utilised to express what we propose in this case 
to mean by sums and additions of vectorial areas. The 
justification of the term is again to be found, as in the ad- 
dition of vectors, in the corresponding laws for addition of 
numbers which the operations obey.* 

If Fi and Fj are two vectorial areas, then : 

(9) F, + Fa = F, + P,. 

For, instead of F^ and Fg we may 'put qjp and q^p, and 
then 

QiP + qgp = (qi + q2)p, 
q2P + qip = (qz + qi)p, 

but since 

qi + qz = q2 + qi 

the terms on the right-hand sides must be equal. 

§ 9. The Representation of Vectorial Areas 

Let F be an arbitrary vectorial area and let us associate 
with it a particular vector f which bears the following re- 
lation to F. In the first place, let f be perpendicular to F ; 
this admits of two possible directions for f and in some way 
we must discriminate between them for the present purpose. 
Let us then consider a straight line meeting F perpendicu- 
larly at some point. If the boundary of the element of 
area be described in the given sense, then the straight line 
will be encircled, and a definite direction of rotation will be 
associated with the straight line. Let the vector f hav 
the direction that a right-hand screw would take if its axis 

• The relation between q,, qg, p and the corresponding areas is now to be 
represented by figures ii, la, 13, when the latter are regarded as figures in 
space. 
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coincided with the straight line and it were rotated in the 
given direction. Finally, in order to fix the length of f 
uniquely, a definite length is selected as unit in terms of 
which all lengths are to be expressed and all areas in terms 
of that area formed by a square whose side is unit length. 
The length of the vector f is then to be determined by the 
number which expresses the size of the area F in terms of 
the selected unit area. If F is given, f is thus uniquely de- 
termined, and conversely if f is given F is uniquely de- 
termined. For from a knowledge of f we can fix a plane at 
riglit angles to f and a definite sense in this plane corre- 
sponding to the rotation of a right screw which advances in 
the direction of f, and finally from the size of f in terms of 
the unit length the area of F is fixed in terms of the unit 
area. It is important to remark that the uniqueness of the 
relation between f and F is only obtained by maintaining 
a constant unit of length and of area. If, for example, the 
unit of length is doubled and thereby the unit of area 
quadrupled then the number expressing the size of F will 
be i of what it was. Hence the corresponding vector will 
be only i- as large as before since the unit of length has been 
doubled, but the new number specifying this length will be 
i as large as in the first case. 

The vector f we will term the representation * of P, and 
similarly the vectorial area P we will term the representation * 
of f ; this relation will be expressed by means of a vertical 
line in front of f or F as the case may be. 

Thus: 

(i) f = 1 F and P = t 

If two vectorial areas Fj and P^ are parallel to the same 
plane, then their representations f ^ = | and f g = | Fg 
are also parallel to the same line ; moreover, + fg is 
evidently the representation of F^ + Fg. The latter state- 
ment still remains true when P^ and Fg are not parallel to 
the same plane. For imagine F^ and Fg lie in two planes 
which intersect in a straight line, then an arbitrary vector 
p may be taken in this line, and as indicated above two 

* Ot comfUmmi* 
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vectors and perpendicular to p may be determined 
such that : 

Fi = PQi and F2 -= pqg. 

The length of p may be taken as that of the predetermined 
unit! of length, so that the magnitudes of q^ and qg are 
equal to those of the areas and Fg. Then and fg may 
be derived from q^ and by rotating the whole figure by 
90° about the line of intersection. The direction of rotation 
is then that of a right-handed screw which advances in the 
direction of p. In fig. 1 5 the vector p is to be regarded as 
perpendicular to the plane of the paper and directed away 
from the reader. It will then be at once recognised 
that the vector + fg is obtained by the rotation from 
Qi + ^2- The vector ij + % is 
consequently perpendicular to 
the area F^ + Fg = p(q^ + qg), 
and the magnitude of + fg 
is equal to the magnitude of 
Qi + ^2 Sind accordingly also 
equal to that of F^ + Fg and 
the direction of fi + fg is that 
fixed for the representation | (F^ + Fg). It appears then 
that fi + fg is the representation of F^ + Fg, or as we 
may write it : 

(2) 1 (F, + F,) = I Fi + I F,. 

Conversely 

Px + P2 = I (*1 + <2). 
or as we may also write it 

(3) I (^x + ^2) = I + 1 

Otherwise stated, instead of adding two vectorial areas 
the two vectors representing them may be added and the 
complement of the vector so obtained may be taken. We 
deduce from this that the laws of addition of vectors may 
be applied to the addition of vectorial areas. 

If fx> ^2* fa, for example, are three arbitrary vectors, 
then from § 2, equation (3) : 

(4) (fi '+ fj) + f, = fj + (Ij + fj). 
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Since the same vector appears on both sides of the equation, 
the representation of the left-hand side equals the representa^ 
tion of the right-hand side. 

Hence : 

(5) 1 [(^1 + * 2 ) + ^ 3 ] “ I Pi + Pi + * 3 )]' 

As we have just seen, however, the representation of the 
sum of two vectors equals the sum of the representations, 
so that : 

(6) 1 Pi + ^ 2 ) + I ^3 — Ml + 1 Pi “i* 

Moreover, according to equation (3) 

1 Pi + 12 )= I Ii + 1 

and 1 p2 ^3) 1 ^2 "i" I ^ 8 ‘ 

Writing Pi, Fg, and F3, for the representations | fj, | fy, 
and I fg, then (6) transforms into : 

(7) (Fi + F,) + Pa « Fi + (F, + F,). 

The law expressed by equation (7), corresponds exactly 
to the law expressed in (4) for the combination of vectors, 
just as the law 

Fi + Fa « Fa + Fi 

corresponds to the law 

*1 + *2 = *2 + *r 

From these two laws, as in algebra, the general law 
follows at once that in the summation of an arbitrary number 
of terms the result is independent of the order of these 
terms. 

Corresponding to the vector equations considered in 
§ 3, equation (2), 

+ ^2 • + a,. = bi + ba "h ... + 

we obtain equations for the vectorial areas which are the 
representations 

(8) Ml + 1% + . . . -f 1 a,. = 1 bi + 1 by 4* . . . -f I b^, 
and conversely from every equation between vectorial areas 
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we may pass to the corresponding vector equations which 
hold among their representations. 

With this law also it is possible to apply the rule seen 
to be valid for vectors, that in such an equation a term 
may be transferred from one side to the other by changing 
the sign of the term in question. Moreover, in corresponding 
manner the rules for the multiplication of vectors by positive 
or negative numbers apply here also for vectorial areas. 

§ lo. The Numerical Derivation of a Vectorial 
Area from Others 

Two vectorial areas parallel to the same plane and hav- 
ing the same or opposite senses may be compared by means 
of a positive or negative number, which gives the ratio of 
their areas. If the vectorial area B is ^^-times as large as 
the vectorial area A and if it has the same sense then we 
will express this fact by means of the equation 

(1) B = nA, 
while if the senses are opposite 

B =s - 

These equations are equivalent to the vectorial equations 
I B - « I A 

and 

1 B = n\A 

which follow from them, and from which they can be de- 
duced. It is merely necessary to remember that the repre- 
sentation of «a must equal ;2-times the representation of a. 
In the same way, from equation (4), § Sj 

"f* 3-2 + • . • H" a^j) == • • • "1“ 

by taking the representations of the terms, it follows that 

(2) 1 ^(a^ + a2 + . . . + a^) = j ^a^ + | ^ag + ... + [ 

and hence 

a 1 (ai + ag + ... + a^t) = £2: 1 aj -h <2 1 ag + ... + a \ 

or 

^3) CA^ A2 Hh . . . Hh A^) ^ ^•^ji "i* ^A2 * 4 * ... 4 “ ^Afi* 
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Every vectorial area P which is parallel to the same 
plane as the vectorial area A may be derived from it by 
multiplying it by a positive or negative number : 

(4) P « A. 

If Aj and A2 are two vectorial areas which are not parallel 
to the same plane, and if a new vectorial area P is derived 
from these by means of two arbitrary numbers ;iri and 
used in the equation 

( 5 ) P ==* + ^2A2, 

then there is a straight line parallel to all three vectorial 
areas. For the intersection of two planes which are parallel 
to and A2 must also be parallel to P. The two vectorial 
areas x^Ai. and x^A^ may be represented by rectangles which 
have a side in common : 

X2A2 

We then have 

P + aag == a(ai 4- ag), 

i.e. P can be represented by a rectangle of sides a and 
a^ + a2. The three rectangles may be made to correspond 
to the three faces of a prism with edges parallel to the 
common vector a. The three representations of xA^^ ■5P2A2, 
and - P must then satisfy the equation 

- 1 P + 1 x^A^ + 1 x^A^ « o 
and therefore when set off in succession one from the ex- 
tremity of the other, they must form a closed triangle. 

Every vectorial area Q which is parallel to the common 
vector of Ai and Ag may be presented in the form 

(6) Q “ -^lAi + x^A^y 

by a suitable choice of x^ and x^^ For its representation is 
perpendicular to the common vector, and is consequently 
parallel to a plane which is parallel to the two representa-- 
tions of Aj and A2. Hence, as we have seen above, it must 
be capable of being presented in the form : 

Xi I Ai + X2 I A2 . 
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The vectorial area itself is consequently : 

We state this by saying that Q is derived numerically from 
Ai and Ag. Thus we have the following proposition ; All 
vectorial areas which can be derived numerically from 
Ai and Ag by means of any positive or negative numbers 
(not excluding the possibility of one of the numbers being 
zero) are parallel to the same straight line ; and conversely 
every vectorial area parallel to this line may be derived 
numerically from Ai and Ag. 

If Ai, A2, and A3 are three vectorial areas of such a 
nature that no one of them is derivable numerically from 
the other two, then any arbitrary vectorial area P is capable 
of being presented in the form 

( 7 ) P ~ -^3^3 > 

where ^31 and are positive, zero, or negative. To 
prove this it is merely necessary to consider the representa-- 
tions of the four vectorial areas. The representations of 
Ai, Ag, and A3 must be independent of each other in the 
sense that no one of them can be derived numerically from 
the other two, for if this were possible for the representations 
it would also be possible for the vectorial areas, contrary 
to our assumptions. If, however, the representations of A^, 
Ag, A3 are independent of each other then, as we have seen 
above, every vector may be derived numerically from them 
and consequently also the representation of P ; that is, the 
numbers x^, x^ may be so selected that : 

1 P = viq 1 Aj^ - 4 - x^ I A2 + x^ I A3. 

But this is equivalent to : 

P = + JTgAg + 

Between any four arbitrary vectorial areas at least one 
equation of the form 

(8) Xj^Aj^ + x^A^ Hh ^gAg + x^A^ =: o 

must exist. For if between any three of them, say, A^, Ag, 
A3, no such relation holds, i.e. x^ is not zero, then according 
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to what has been said, the vectorial area - where 

may be any positive or negative number, may be derived 
numerically from A^, A2, A3, Le. 

+ x^Ajj = — x^A^, 

or Xj^Aj^ + x^A^ + x^A^ + x^A^ = o. 

From a point O in space imagine three vectors a, b, c 
drawn to three arbitrary points A, B, C, the vectors not 
being co-planar. We will call A, B, C the three vectorial 
areas formed from the external products be, ca, ab. They 
are independent of each other, for the line of intersection of 
any two is not parallel to the third. Hence all vectorial 
areas may be presented in the form 

Xjhc + x^ca + ^Tjab, 
or X:^A + x^^B + x.f,, 

in a manner analogous to the presentation of any vector in 
the form 

X^&. ^2b *4" Xjj^Cf 

where Xi, x^, x^ may be positive or negative numbers’ to be 
termed the coefficients of the quantity in question. 

§ II. The External Product of a Vectorial Area 
AND A Vector 

Let A be a vectorial area and c an arbitrary vector, then 
by the external product o’f A with c we understand the 
volume which is described when A is displaced by a vectorial 
amount c. We must, however, distinguish carefully the side 
of A towards which the vector c is directed. The one side 
of A, is reckoned positive, the other negative according to the 
convention that the vector | A shall be directed from the 
negative to the positive direction. F ollowing this we reckon 
the volume described by A in its displacement along the 
vector c as positive or negative, according as A is moved 
towards the positive or negative side. This external product 
W'e represent by the expression 

Ac, 
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or if A itself corresponds to the external product of two 
vectors a, b, by 

abc, 

and this we term the external product of 

a, b and c. 

Suppose the three vectors a, b, c, drawn from a point O, 
so that their terminal points are A, B and C ; then they 
constitute three intersecting edges of the parallelepiped 
whose volume is represented by 

abc 

with the sign as already explained. 

If C lies on the positive side of ab then A lies on the 
positive side of be and B on 
the positive side of ca (fig. 

1 6 ). And conversely if C 
lies on the negative side of 
ab, then A and B lie on the 
negative side of be and ea re- 
spectively. It appears there- 
fore that we derive exactly 
the same parallelepiped with 
the same sign if the vectors 
are taken in the order bca or 
cab as if taken in the order 
abc, that is to say, if the 
vectorial area be is displaced 
along a, or the vectorial area 
ca along b. 

Hence : 

(1) abc = bca = cab. 

On the other hand 

( 2 ) bac = acb = eba 

represents the same parallelepiped but with reversed sign. 
In other words, the value of 

abc 
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does not alter when a, b, c are interchanged cyclically, but 
if the positions of two of the vectors are interchanged the 
sign of the whole is changed. 

If the vector c is parallel to the vectorial area A, then 
the external product 

Ac 

is zero ; for A is then displaced in its own plane and therefore 
describes zero volume. 

If jn place of c the sum of two vectors 

c - Cx + C 2 

appears, then 

(3) Ac =. A(Ci + Cg) - Aci + Acg. 

As proof consider, in the first place, the special case where 
Cj and C 2 are either similarly or oppositely directed, there 
being no limitation to the generality by also assuming that 
Cx and c are similarly directed, since Cj and Cg may ^be inter- 
changed Now imagine the vectorial area A translated 
through Cx so that the parallelpiped ACx is described, and then 
displaced again through an amount Cg. This involves adding 
the parallelepiped Acg where in the first instance Cg has the 
same direction as Cx ; together they represent Ac. In the 
case where Cg has the reverse direction, the vectorial area is 
translated back. In the first translation it describes the 
parallelepiped ACx in the next Acg with, however, opposite 
signs, and when added algebraically the parallelepiped Ac is 
derived. 

Hence in both cases : 

Ac — ACx “f* Acg. 

Now suppose Cj and Cg possess any arbitrary directions; 
initially A occupies a certain definite position. It is then 
displaced through Cx, thus taking up a second position, and 
then by further displacement through Cg to a third position 
which could be obtained by a direct displacement of the 
vectorial area through the vector c. Imagine the second 
position of the area altered by displacing the letter in its own 
plane. This affects the vectors Cj and Cg but leaves + Cg 
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unaltered The volumes and signs ot txie f^a.rallelepipeds Ac^ 
and Ac 2 then remain unaltered also because. th^ 'two end areas 
remain in the same planes. The second p 5 s|tioi^:r^^rtto^ 
be so selected that three corresponding points''%fl .n 
second and third positions lie in a straight line, i.e. so that 
Cl and C2 are similarly or oppositely directed. Then from 
what has gone before 

A(ci + C2) = Aci + Acg, 

and since the volume and the sign of the parallelepipeds have 
not been altered in the change made in the second position, 
it follows that the same equation holds for arbitrary vectors 
Cl and C2. 

Once again insert the external product ab instead of A 
and we get at once : 

(4) ab(c^ + C 2 ) = abq + abCg. 

Since, as we have already seen, each of the three vectors 
a, b, c in the product 

abc 

may be brought to the third position, it follows that we 
replace a and b in the same way as the sum of two vect 
in the product. 

For example 

a = ai + 32 

abc = bca = bc(ai + 33) = bca^ + bcag = a^bc + 

Thus 

(5) + a2)bc = a^bc + agbc 

and analogously 

(6) a(bi + b2)c = abiC + ab2C. 

§ 12. The Connection with the Theory 
Determinants 

Since a, b, c are three vectors whose external product abc 
is different from zero and are thus independent of each other, 
that is to say, no one of them may be numerically derived 
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from the remainder, then any other vector p, as we have 
already seen, may be numerically derived from the three 
vectors a, b, and c ; so that : 

p = 4 ra + 4 - ^c. 

The coefficients ,r, and z may be regarded as the ratios 
of the external products of three vectors. If the external 
product pbc be constructed and p replaced by its expression 
then we find 

pbc « ;trabc 

because bbc and cbc vanish. 

Thus : 

pbc 

abc 

In analogous manner we find : 



_ abp 
abc' 


These remarks are closely bound up with the solution of three 
linear equations with three unknowns. In the calculation 
of three unknown quantities Xy y, z which satisfy the three 
equations 

(1) + c^z = /i, 

+ b^y + c^z « 

+ hy + c^z = /g, 

these three numerical equations are really completely equiva- 
lent to one vector equation 

( 2 ) xzi + yh + zz = p, 
where 

a = + ^gCg, 

b = + ^ 2^2 

c = ^101 + ^202 + 

P “ A^l + 
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For, since e^, Cg, are numerically independent of each 
other, a vector equation between them can exist only if all 
the terms in and vanish separately. 

The external product abc may be multiplied Cut ac- 
cording to the rules already developed, and this gives : 

(4) abc = 

The number d we call tAe determinant of the three linear 
equations. It is constituted from the nine quantities 

^2 ^3 

^2 

^2 ^3 

and is composed of the six products corresponding to the 
six terms that alone remain over in multiplying out : 

Each of these terms accordingly must be a product of 
three terms, one from each bracket, and if it is not to vanish 
it must include all three vectors Cj, eg, 63. 

If, for example, ^2^2 is selected from the first bracket, 
then either or must enter from the second bracket 
since ^2^2 multiplied by would be zero. If, having se- 
lected ^2®2 the first bracket and from the second 

then must be taken from the third, because^ 4?2<^3^2®3 
would be zero if multiplied by either qjCg or ^303. " Hence 
we get the term : 

^2^3^1®2®8®l* 

The six terms that do not vanish in multiplying out the 
three factors must accordingly all take the form 

where /i, v is any one of the six arrangements of the three 
numbers i, 2, 3. 

Now e;,e^e,, = ± 

4ae positive sign being taken when the arrangement /i, v 
is derived from i, 2, 3 by an even number of interchanges ; 
thus for ^ 

123,231,312 
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there would be a positive sign, while for 

133,321,213 

there would be a negative sign. It is in fact equal to the 
terms 

(S) “ ‘*iV2 - - «2Vs 

in the determinant <5? of the nine quantities : 

ai ag Ug 
bg bg 
Cy ^2 

In order to calculate the six products quickly with the ap- 
propriate sign the following artifice may be utilised. To 
the three columns of the nine numbers, a column is added 
with index i to the extreme right, and another to the ex- 
treme left with index 3. The three products having the 
positive sign then lie in three lines running inclined from 
upper left to lower right, while the three products with 
negative signs, on the other hand, lie on the three inclined 
lines running from upper right to lower left Thus : 


^3 ^2 ^3 



^3 


When the determinant d is different from zero then a, b, c 
are independent of each other. The unknown quantities 
Xy z, as we have seen above, are then uniquely determinate 
and given by the quotients of the external products : 

abc abc abc 


( 6 ) 



THEOBY OF DETERMINANTS 


The three external products appearing in the numerators 
are calculated exactly as with abc, except that in one of 
the horizontal rows the coefficients /i, / 2 > A vector p 

appear. Since e^egeg cuts out from numerator and denomin- 
ator it follows that and z are equal to the quotients of 
the corresponding determinants. If, on the other hand, the 
determinant d vanishes, then a, b, c are dependent on each 
other, that is, they are parallel to one plane. If the vector 
p were not parallel to this plane, then it would be impos- 
sible to satisfy the vectorial equation 

a^t: 4- b_y + c-sr = p, 

for the left-hand side can only represent a vector which is 
parallel to this plane. The three linear equations would then 
have no solution. To test whether this is the case in any 
circumstances construct one of the vectorial areas, for ex- 
ample be. If b and c are not numerically derivable one 
from the other, then be is not zero. If now, pbe differs from 
zero it follows that p is not parallel to the vectorial area be 
so that the vectorial equation has no solution. If for b and 
c their expressions in terms of e^, Cg, Cg are inserted in the 
vectorial area be, the latter assumes the form 

be ^ eVs - ^3<^2)e2e3 + 4- {bfy - 

so that 

. r ~ ^2^3 “ ^3^2 

(7) -j <362 ~ ^8^1 ” ^1^3 

are the three coefficients of the vectorial area, and by means 
of them it may be derived numerically from the vectorial 
areas ©gCg, 

The external product abc may then be written 

(8) abc = + ^2<^2 + ^S®^3)®1®2«3 

so that 

d “ UyL-i 4- <^2^2 “h 

and 

pbC ~ CA®^1 A^2 + A®3)®1®2^3* 

3 . ■ 
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If, on the other hand, it becomes apparent by the vanishing 
of pbc that p also is parallel to the vectorial area be, then 
the vectorial equation 


xa + yh H- == p 

is soluble for any arbitrary value of x\ for the vector 
p - is likewise parallel to the vectorial area be and 
may be derived numerically from b and c which are assumed 
independent of each other. 

To obtain jj/ for any numerical value of x we select an 
arbitrary vector d which is not derivable numerically from 
ab and c, and we construct the external product of both 
sides of the equation, with cd. 

Then 

(9) ^"acd + ^bed « ped, 

from which we have at once 


(10) 

and analogously, 


- jrEE^ 
bed bed’ 

cbd ebd* 


If the vectorial area be = o, but ab is different from zero, 
then by an analogous calculation we would find : 

abd abd 

pad cad 

y =3 Z . 

bad bad 

If both the vectorial areas be and ab are zero, then all 
three vectors are parallel to one line. The vector equation 

ax + by + p 

could not then be satisfied unless p also were parallel to 
that line. This becomes evident by multiplying p with 
any one of the three vectors, for example a. Then if 
the vectorial area ap is diiferent from zero, the vector 
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equation is impossible. If, however, ap =* o, then it can 
be satisfied by taking perfectly arbitrary values for any 
two of the three unknowns, say, y and z. 

For all four vectors are numerically derivable from 
any one of them, for example from a. In the same way 
p —yh — zc, where and z are arbitrary numbers, is numeric- 
ally derivable from a, its coefficient being x. To determine 
we may utilise any one of the three given linear equations, 
in which the coefficient of x is not zero, or if we care we 
may start again from the vector equation : 

Zlx 4 - by -h c-sr — p. 

We multiply by any one of the three vectorial areas egCg*, 
®i® 2 - Multiplying by CgCg, for example, we get ; 

^ae^es + yhe^e^ 4- = pe^e^. 

But this, however, is nothing more than 

(xa^ 4- y^^ 4- zc{)e^e^es = 

identical with the first of the system of linear equations, 

§ 13. The Scalar Product of Two Vectors 

By the scalar product of two vectors a, b is meant the 
external product of the one vector with the complement 
of the other, 

a 1 b or b ] a, 

that is to say, the volume (reckoned positive or negative) 
of the parallelepiped which arises when the vectorial area 
( b is displaced parallel-wise by the amount represented 
by the vector a, or what comes to the same thing when 
the vectorial area [ a is displaced in the same manner 
through b. Imagine a resolved into two components 

a « ai 4 - ag, 

where a^ is perpendicular to | b and ag is parallel to | b, 
then from what has gone before 

a 1 b * (ai 4- ag) ] b = a^ | b 4 - ag [ b. 
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Since, however, is parallel to | b, then 

j b « o, 

and consequently 

(I) a 1 b =: ai I b. 

Suppose a and b lie in the plane of the diagram (fig. 17 ) 
so that I b is perpendicular to the 
plane of the diagram. The height 
of the parallelepiped is represented 
by a^, and the sign is positive or 
negative according as a^ has the same 
or the opposite direction to b, that is, 
according as the angle S- between the 
vectors a and b is acute or obtuse. If 4 ^ind 4 ^.re the 
numbers determining the lengths of the two vectors, or 
what is the sanae thing., for the areas of their representa- 
tions, then the parallelepiped is represented both in magni- 
tude and in sign by 

44 cos 3 -, 



where at the same time it becomes clear that it is im- 
material whether it is the representation of b that is dis- 
placed through a, or the representation of a through b : 

(2) a 1 b = b 1 a = 44 cos 3 . 

In order to make it clear^in the manner of representing 
the scalar product, that the latter is really directly con- 
nected with both vectors, the introduction into it of the 
complement of either vector being unnecessary and super- 
fluous, we will represent it by : 

a . b. 

Thus the scalar product is to be distinguished from the 
external product by the insertion of a point between the 
two vectors in the former case. 

Thus we deduce from the foregoing : 

(3) a . b =» b . a. 

If in place of the vector a we have the sum of two vectors 

a » e + d, 
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then it follows that 

alb = (e + d)lb = clb+dlb, 
or in our new presentation 

(4) (c -f d) . b = c . b + d . b, 

that is to say, not merely does the communative law 
a . b == b . a apply to scalar products; but also the distribu- 
tive law by means of which the brackets may be removed. 

If, once more, we replace d by the sum of two vectors 

d + e, 

then we have 

(5) (c + d + e) , b = c . b + (d + e) , b 

~c.b+d.b + e,b, 

with analogous results for any number of terms. 

The scalar product of two vectors which are mutually 
perpendicular is zero, for then the one vector is parallel to 
the representation of the other so that no volume is de-- 
scribed during the translation of the vectorial area. 

The scalar product of a vector by itself equals the square 
of the number determining the length of that vector. 

§ 14. The Vectorial Product of Two Vectors 

By the vectorial product of two vectors, a vector a with 
a vector b, is meant that vector c which equals the repre- 
sentation of the external product ab, thus : 

c = I ab. 

It is therefore directed towards the positive side of the 
vectorial area ab, is at right angles to it, and the magni- 
tude of its length equals the magnitude of the area ab, i.e. 
it is equal to the product of the magnitudes of the lengths 
of a and of b into the sine of the contained angle. 

Once more, as in the case of the scalar product in order 
to bring out clearly that the vector c arises directly from 
tile vectors a and b without any superfluous introduction of 
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the external product, we select as a symbol for the vectorial 
product : 

c = a X b. 

The presence of the cross between a and b thus dis- 
tinguishes the vectorial from the external and from the 
scalar product. By interchanging a and b the sense of the 
external product and with it the representation becomes 
reversed. Thus we have the rule : 

(1) a X b «= - b X a. 

Moreover, the distributive law holds : 

( 2 ) a X (b + c) = a X b + a X c. 

For, we have already seen that 

a(b + c) = ab + ac 

and [ (ab + ac) = | ab + ] ac. 

Likewise by interchange of the factors : 

(3) (b + c) X a = b X a + a X c. 

The external product of two vectors may also be re- 
garded as the complement of the vectorial product b x c : 

be = [ (b X c). 

Hence also the external product of three vectors a, b, c 
is equal to the scalar product of a, b, the vectorial product 
of b and c : 

(4) abc = a 1 (b X c) = a . (b X c). 

The vectorial product of a vector similarly or oppositely 
directed is zero since their external product is zero. 

§*-15. The External Product of Two Vectorial 

Areas 

Let A and B^-he two vectorial areas which we may con- 
ceive as lying in two intersecting planes. Let a and b, 
moreover, be the complements of A and B, then the line of 
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intersection must be perpendicular to both complements. 
Thus the vector 

a X b 

is parallel to the line of intersection and its magnitude is 
equal to the product of the magnitudes of the areas A and 
B into the sine of the angle contained by their two planqg. 

This vector we call the external product of the vectorial 
area A with the vectorial area B. The terminology is 
justified by the analogy with the external product of two 
vectors. Just as two vectors, by their external product 
determine a vectorial area which is parallel to both and 
whose magnitude equals the product of both lengths into 
the sine of the angle between them, so two vectorial areas 
determine a vector which is parallel to both and whose 
magnitude is equal to the product of the two areas into the 
sine of the angle between the two vectorial areas. Ana- 
logously with the two vectors we represent this external 
product of A and B by : 

AB. 

In order to associate in simple manner a particular direction 
with the vector 

AB, 

imagine the vectorial area A turned about the line of inter- 
section of the two planes A and B until its complement 
has the same direction as that of B. The rotation is to be 
made towards the side where the angle turned through is 
less than two right angles. The direction of the vector AB 
agrees with the direction of advance of a right-handed screw, 
whose axis lies along the line of intersection and turns about 
that line in the same sense as A 

The accuracy of this form of presentation follows directly 
from the definition : 

AB = a X b. 

For in the rotation of A, the direction of a is changed to 
that of b by the shortest route. The direction of a x b 
then lies on the positive side of the vectorial area ab. 
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If the planes of A and B are parallel, then the external 
product also vanishes because of the vanishing of the sine 
of the angle between them. 

Interchanging A and B, the sign of the external product 
is reversed: 

(1) BA = bxa = - axb = - AB. 

Moreover, the distributive law is satisfied ; for if, for example, 
B is replaced by the sum of two vectorial areas 

B = Bj -f B2, 

then from what has already been done, the representation 
of the sum equals the sum of the representations. Accord- 
ingly if we write bi and b2 for the representations of B^ and 
B2, then 

b = bj + b 2 . 

and thus 

(2) AB ?=s a X (bj + bg) = a x b^ + a x bg 

= ABj 4* ^^2 

Let us imagine the two vectorial area,S A and B to be repre- 
sented by rectangles having a side in common lying on the 
line of intersection of the two planes ; so that : 

A = pr B =5 qr. 

The vector AB is then similarly or oppositely directed to r, 
according as r has a direction the same as or opposite to the 
representation of pq. For the rotation considered above, by 
means of which A is transformed into the plane of B, and 
the representation of A turned in the shortest way in the 
direction of the representation of B, also turns p into the 
direction of q. In other words, r has the same direction as 
AB if pqr is positive, and the opposite direction if it is 
negative. 

The length of AB equals the product of the areas into the 
sine of the included angle, that is to say, it equals the pro- 
duct of the area pq into the square of the length of r, or 
equals the absolute value of pqr into the length of r. Ac- 
cordingly also : ^ 

(3) (prX#r) = AB = (pqr)r. 
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For the right-hand side corresponds to a vector having a 
direction the same as or opposite to that of r according to 
the sign of pqr, and its length has the correct value of the 
length of AB. 

If A and B are regarded not as rectangles but as paral- 
lelograms with a common side r so that p and q are not at 
right angles to r, then p and q may be written in the form 

p = p + \r 
q = q + 

where p and q are perpendicular to r and X and /j, suitable 
positive or negative numbers. Then 

A = pr == (p + Xr)r = pr 
B = qr = (q + fjLr)r = qr ; 

and accordingly also 

(pr)(qr) - AB = (pr)(qr) = (pqr)r. 

Now ; 

pqr = (p - Xr)(q - /^r)r = pqr. 

Hence also in this case we have 

(4) (pr)(v) = (PQr)*'> 

or, remembering that the complements of A and B may 
also be written in the form 

(5) (P X r) X (q X r) = (pqr)r, 

where p, q, r miy be three arbitrary vectors. 

With a suitable choice of q, an arbitrary vector at right 
angles to r may be represented by q x r. Representing it 
by s, and remembering that pqr may also be written in the 
form p . (q X r), it follows that : 

(6) (p X r) X s = (p . s)r. 

If s is not at right angles to r but is an arbitrary vector, 
then it may be separated into two parts of which the first 
is at right angles to r and the second to p. For this pur- 
pose it is merely necessary to consider planes at right angles 
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to p and r. If s is drawn from a point on the line of inter- 
section of both planes, then through the extremity of s draw 
an arbitrary parallel to one of the planes so that it cuts 
the other plane. The one component then runs from the 
origin of s in the latter plane to the point of intersection 
with the parallel, while the other is determined by the 
parallel itself. 

Now writing 

s ^ + S2, 

where Si is perpendicular to r, 
and Sg is perpendicular to p, 

then 

(p X r) X s « (p X r) X (SjL - 4 - Sg) 

= (p X r) X Si + (p X r) x Sj. 

Now from what has gone before 

(p X r) X Si = (p . Si)r 
(p X r) X Sj = - (r X p) X S2 = - (r.Sj)p, 

but 

p . Si = p . (s - Sg) = p . s - p . S2 »» p . s 
r . S2 ~ r . (s - Si) = r . s - rsi « r . s. 
Accordingly : 

(7) (p X r) X s = (p. s)r - (r. s)p. 

This equation still remains true when contrary to our as- 
sumption, p and r are parallel. For then not merely is the 
left-hand side zero, since p x r is zero, but the right-hand 
side also vanishes because p and r are numerically deriv- 
able one from the other in the form 

p = ar 

so that the two sides of (7) vanish simultaneously. 

§ 16. Examples, Applications and Exercises 

The position of an arbitrary point R is determined by the 
vector r which is drawn from a fixed point O to R. An 
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arbitrary motion of the point R is given by regarding r as 
a function of t A uniform rectilinear motion, for example, 
is represented by an equation of the form 

r = to + v^, 

where Tq is the position of the vector at ^ = o, and v repre- 
sents the velocity vector. 

Let 

r' = t'q + v'zf 

represent another uniform rectilinear motion. The problem 
we propose to consider is to determine the shortest distance 
between the two lines. 

For this purpose we construct a vector 
n == V X V 

which is at right angles to both lines, and reduce it to unit 
length by dividing it by the square root of its scalar product 
by itself, 

ti 

^/n . n 

Now choose a vector which joins any one point of the one 
line to any other point of the other line, e.g. 

a = r' - r 

for an arbitrary value of t. 

Then e . a is the shortest distance. 

In fig. 1 8 imagine both lines parallel to the plane of the 
diagram, the one drawn heavier lying 
above the other. The vector e of unit 
length is then perpendicular to the 
plane of the drawing, directed up- 
wards or downwards according to 
the relative directions of the velocity 
vectors. If, for example, they lie in 
the direction of the two arrows then e 
is directed upwards and in that case 
e , a is positive and equal to the 
shortest distance. Fig. i8. 

If a definite system of co-ordinate 
axes has been selected, with reference to which the two 
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motions are presumed to occur, then the vectors must be 
numerically derivable from the three vectors of the co- 
ordinate system and the scalar and vector products that 
arise are to be calculated according to the rules discussed 
above. To provide a sketch of the method of calculation 
a numerical example will be worked out for the case of a 
right-handed co-ordinate system consisting of three mutually 

perpendicular unit vectors i, j, k : 

# 

r = to + r' = ro' 4 - vV 



i 

i 

k 

■ To ; 

2 

3 

- 5 

ro': 

5 

- 6 

2 

To' - ro - a : 

3 

- 9 

+ 7 

V : 

I 

2 

6 

v' : 

- I 

- 3 

I 

V X v' =» n : 

20 

- 7 

- I n . n « 450. 


n . a Ii6 

= e . a = —7==. 

Vn . n V450 


In the calculation it is advisable, as has been done here, 
not to write down the unit vectors i, j, k from which the 
others are numerically derived, as they occur with each 
vector, but to arrange to have columns corresponding to 
them in which the appropriate magnitudes are inserted. In 
the case of the vector product it is merely necessary to re- 
member that the calculation is conducted according to the 
distributive law and that here 

j X k = i 
kxi==j 
i X I = k. 

Let a be a given vector of unit length and a a given 
positive or negative number, then the equation 

ar = a 

expresses the condition that the perpendicular projection of 
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r on a has a length a, and has a direction similar or opposite 
to that of a according as a is positive or negative. 

Consider the vector r as joining a fixed point O to a 
variable point R, then 

a. r = a 

is the condition that the point R lies in a definite plane at 
right angles to a, whose distance from O is ^ units of length, 
and points from O towards the side indicated by the direc- 
tion of a or the opposite, according as a is positive or 
negative. 

If R' is an arbitrary point not lying on the plane, and ‘ 
the vector joining O to R', then r' - r joins R to R', 
and 

a . (r' - r) 

is the shortest distance of the point R' from the plane. By 
applying the distributive law, we may also write for it ; 

a . r' - a. 

The expression is positive on that side of the plane 
towards which the vector a is directed. 

Let a line 

r + vif 

be given external to the plane 

a.r = a 

and along which a uniform motion of a point with velocity 
V occurs. 

At what instant does the point reach the plane? 

To determine the value of t we have merely to multiply 
r scalarly with a and to set the product equal to a, then 

a . (ro + v^) = 

or 

so that 


a . Tq + (a . v) if = 

t ^ 

a . V 
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The position of the point of intersection of the straight 
line with the plane is then given by 

r = ro + ty, 

where, the above value of t is to be inserted 

Let a, b, c be three given vectors numerically independent 
of each other. Every vector p may then be numerically 
derived from a, b, c in the form 

p = ;ira -f jb + -arc 

and the coefficients x, -ar may be calculated, as we have 
already seen, by external multiplication with the vectorial 
areas, be, ca, ab. 

Thus : 

pbc ~ ;rabc, 
pea = j/abc, 
pab = -arabc. 

Instead of the vectorial areas we will introduce their 
representations divided by abc, and designate these three 
vectors by a*, b*, c* : * 

(1) a* ^ -L5?, b* = -L^, c* = 1 ^, 

abc abc abc 

or what is the same thing 

* bxc-- exa^ axb 
abc abc abc 

Instead of the external product of p with we 

abc abc, abc 

may then write the scalar products with a*, b^, c* so that 
we have 

p.a*=;i:, 

p . c* = -gr, 

or if we insert these values for Xij/, and 0, 

( 2 ) P “ (p. a*)a + (P - b'^)lfc+ (p c*)c. 
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In this manner every vector p may be expressed in terms 
of the vectors a, b, c and a^, b* c^. For p = a we get : 

a = (a . a*)a + (a . b*)b + (a . c*)c. 

Consequently 

a . a* = I, 

a . b* = o, 

a . c* = o, 

and similarly 

b. b*=i 

c . c* = I 


while all the remaining scalar products of a, b, c with 
a*, b^, vanish. 

It is now apparent that the relations between a, b, c 
and a*, b*, c* are reciprocal. 

If in fact the vectorial products 

b* X c^, c* X a* a* x b* 

are constructed, for example, 

b* X C* = (E-UH X c*, 
abc 

then according to the formula developed above (§ 15, 
equation 7) we have 

(p X r) X s = (p . s)r - (r . s)p 
(c X a) X c* = (c. c*)a- (a. c*)c = a, 

thus 


consequently 

(3) 


b* X c* = 

abc 


a*.b*.c* = a*.(b* x c*) 
a* . a I 

=» _______ ss ____ ■ 

abc abc’ 


b* X c* 
a*b*c* 
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and in analogous manner 

c* X a* 

* 

X b* _ 
a*b*c* “ 

The same operations consequently which derive a*, b* c* 
from a, b, c, likewise derive a, b, c from a^, b*, c*. We 
thus say that the one system of vectors is reciprocal to 
the other system. If instead of the system a, b, c we 
take the system a, B, c where 

a = nsL, B = b, c = c, 

then the reciprocal system a*, b* c* transforms into 


-- B X c 

b X c 


er — = 


— a*. 

abc 

i^abc 

n 

5* _ c X a _ 

j^c X a 

= b* 

abc 

^abc 

_* a X b 

^a X b 

= c*. 

abc 

T^abc 



Hence if a is alone altered then in the reciprocal system 
a* is alone altered in inverse proportion. The choice 
of a unit of length has an effect on the reciprocal re- 
lation between the two systems. If for example the 
one system a, b, c is held fixed and the unit of length is 
chosen n times as great, then the vector products b x c, 
c X a, a X b, as has already been remarked, do not remain 

unchanged but become ith of their former lengths. The 

n ® 

magnitude of abc is then as large as before. At the 

same time while a*, b*, c* have the same directions as 
before, they are now as long. By a suitable selection 
of unit of length we may always arrange that abc becomes 
equal to ± i, by an appropriate selection of the order of 
the vectors designated by abc we may arrange so that 

abc =1. 
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We then have also ; 

a*h*c^ = I. 

When all the vectors 

/ = ;tra + + -src 

which are numerically derived from a, b, and c, by giving 
integral values to x, y, and are set off from a fixed point 
O, then the terminal points P form a so-called framework or 
lattice work in space. The vector joining any point P of the 
framework to any other point P' is represented by the 
difference p' - p of the two vectors from O to P', and from 
O to P, and may therefore be derived from a, b, c by means 
of whole numbers. Hence the vector p' - p drawn from O 
must also lead to a lattice point. In other words, the vectors 
leading from any one lattice point to all the others are the 
same as those proceeding out from any other lattice point. 
These we call the vectors of the lattice work. 

If p is a lattice vector then so also is every vector 
represented by 

np 

where n is any positive or negative integer. All points to 
which one arrives by drawing these vectors from any one 
lattice point lie on a straight line which is divided into equal 
intervals by the points. If within this interval other lattice 
points lie, then there is a lattice vector q which has the same 
direction as p, but is not greater than p/2. With this we 
arrive at another distribution of the straight lines into equal 
intervals. If again lattice points were to lie within these 
intervals, then once more they would determine lattice vectors 
not greater than q/2. This process must come to an end. 
For'if not we would arrive at lattice vectors s of arbitrary 
small length, in which case also their magnitudes s . a*, 
s . b*, s . c* in relation to a, b, c must be arbitrarily small 
without actually all three vanishing. This is not possible^ 
however, since the magnitudes of 5ie vectors are all whole 
numbers. Thus on each line joining lattice points we have a 
separation into equal intervals in such a manner that all the 
lattice points lying on the line are points of separation 
A ■ 
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between the equal intervals. The lattice vector u, corre- 
sponding to such an interval, gives, when multiplied by all 
positive and negative integers, all the lattice vectors parallel 
to this straight line. Their magnitudes u . a*, u . b^, u . c* 
can have no divisor in common, otherwise it would be an 
integral number of times a smaller lattice vector. Con- 
versely, when their magnitudes have no divisor in common, 
then all lattice vectors parallel to u are integral numbers of 
times u. For if not then u would have to be an integral 
number of times a smaller lattice vector, thus requiring a 
common divisor. 

Imagine now that a straight line parallel to u is laid 
through each lattice point. On each of these lines the 
successive lattice points occur at intervals u. Now through 
any one lattice point on such a line, and through any lattice 
point outside the line we pass a plane. The lattice points 
of this plane may be considered as lying on a system of lines 
running parallel to u, for through each lattice point there runs 
a straight line parallel to u. 

Let p be a lattice vector of the plane joining one of these 
lines to any other. The numerical value of the vectorial area 
up is then equal to the product of the length of u into the 
distance apart of the two lines. By constructing the manifold 
of p, we obtain a system of equidistant lattice lines in the 
plane. If between these there should lie yet other lattice 
lines, then some one of them is at a distance from one of the 
lines of the system at most half as great as the distance 
between two neighbouring lines of the system. It must be 
possible then to find a lattice vector q in the plane such that 
uq is at most half as large as up. The whole manifold of q 
then provides a system of equidistant lines parallel to u. If 
still others lie between them then again a lattice vector s in 
the plane may be found for which us is at most half as large 
as uq. This process must terminate, for otherwise we would 
arrive at arbitrary small vectorial areas us equal to the 
external product of two lattice vectors. This is, however, 
not possible since the coefficients of the vectorial area us with 
reference to be, ca, ab are equal to 
usa usb use 
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and are consequently whole numbers since those of u and s 
are such. 

One of them must be at least equal to i and therefore 
cannot be part of an arbitrary small us. There must then 
be a lattice vector v of such a nature that uv is the smallest 
vectorial area that can be derived by the external product 
of u with a lattice vector in this plane. The lines 
constituting the whole manifold of these vectors v occur 
at equal intervals and contain all the lattice points in the 
plane. 

All lattice vectors in the plane are then numerically 
derivable by means of integers from u and v, thus : 

nu + 

The lattice points determine a network of parallelograms 
having u and v as sides. 

We can now show that if through every lattice point 
planes are drawn parallel to uv, then they must be equi- 
distant Consider then such a plane and an arbitrary 
lattice vector p, joining one of its lattice points to a point 
outside it. The distance between this plane and one 
parallel to it through the terminal point of p is equal to the 
numerical value of 

uvp, 

divided by the numerical value of uv. The whole manifold 
of vectors p leads to a system of such parallel planes with 
the same distance apart. If now between these planes there 
lie still other lattice planes, then some one of these planes 
lies at most half the distance from some plane of the 
system. A lattice vector q leading from the one to the 
other gives a value (absolute) 

uvq 

which is at most half as large as uvp. The whole manifold 
of vectors q leads to a new system of equidistant lattice 
planes parallel to uv. If between these there still lie 
lattice planes parallel to uv, then -we must obtain a distance 
which is at most half as large and a lattice vector s for 
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which uvs i^ at most half as large as uvq. This process 
must terminate, otherwise we would arrive at an indefinitely 
small value of uvs, but 

uvs 

abc 

is an, integer different from zero and consequently at the 
least its absolute value can be i. Consequently the abso- 
lute value of uvs is not less than that of abc and therefore 
cannot become indefinitely small. There is then a lattice 
vector w of such a nature that uvw has the smallest value 
which it can have with any lattice vector w which is not 
parallel to the vectorial area. 

All lattice points are then arranged in planes parallel to 
uv. The planes are all at equal distances apart such that 
they are given by the values of uvw when divided by uv. 
All lattice vectors are then numerically derivable by means 
of integral numbers from u, v, w. Since a, b, c are also 
lattice vectors, they are also derivable by means of whole 

numbers from u, v, w. Consequently is a whole 

uvw 

number just as If we write 

abc 



uvw 


then ^ must also be a whole number, and accordingly 

N = ± I. 

The distance apart of the lattice planes parallel to uv thus 
equals abc divided by the numerical value of this vectorial 
area. 

Since every lattice vector is numerically derivable from 
u, V, w by means of integral numbers, the vectorial areas 
be, ca, ab are also derivable in the same way from vw, wu, 
uv. It is necessary merely to insert the values for a, b, 
and c and to multiply out. Incidentally all the vectorial 
areas of the lattice work, that is to say, all the vectorial 
areas derivable from be, ca, ab by means of whole numbers. 
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are also derivable in the same way from vw, wu, uv. 
If such a vectorial area is parallel to the vectorial area uv 
then it must be an integral multiple of uv. The coefficients 
of uv can consequently have no divisor in common, and 
conversely if a vectorial area of the lattice work is parallel 
to uv, and if its coefficients have no divisor in common, 
then it can differ from uv at most only in sign. For other- 
wise it would be an integral multiple of uv, which would 
necessitate a common divisor in the coefficients. 

Every vectorial area P of the lattice work 


F = ^bc + T^ca + fab 


where 77, f are integers, is parallel to a system of lattice 
planes. To prove this, imagine a plane parallel to P and 
passing through the lattice point O. Then 


F(bc) 

abc 


— 7 jc 4“ fb 


is a vector parallel to the intersection of this plane with the 
plane parallel to be, and 


F(ca) 

abc 


f c - fa 


is a vector parallel to the intersection of the plane with a 
plane parallel to ca. Both are lattice vectors which together 
determine a lattice plane parallel to F. 

In this lattice plane, as we have already seen, we may 
determine two lattice vectors u, v, in terms of which all 
lattice vectors of the plane may be expressed by means of 
integral numbers. If then f, f have no factor in common 
we can arrange the lattice points in equidistant planes 
parallel to the vectorial area 

F = fbc + + fab, 

the distance apart being equal to the quotient of the 
numerical value of abc by that of F. 

The complements of all the vectorial areas F of our 
lattice work likewise constitute the vectors of a lattice work. 
We will divide them by abc. 
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We may then introduce the vectors reciprocal to a, b, c, 
viz. a* b*, c* and write ; 

— =. fa* + i?b» + St* 
abc 

We term this lattice work reciprocal to the original one and 
vice versa. Every vectorial area of the one lattice work 
corresponds to a vector perpendicular to it in the other, 
such that the numerical value of this vector equals the 
quotient of the numerical value of the vectorial area divided 
by the external product of its three unit vectors. The 
value of the reciprocal of this quotient equals the distance 
between the planes of the one lattice work which stand at 
right angles to the vectors of the other. Or expressed as a 
formula : 

The distance between the planes of the lattice work 
a, b, c which are at right angles to the vector 

+ rih^ 4 - 

where f have no common factor, is equal to 

I 

. (fa* + 97b* + 

or the inverse square of the distance equals 

+ 2^7]a^ . b* 

The coefficients of 7j\ ^ are the squares of the lengths 
of the vectors a*, b*, c* The coefficients of 297^, 2^^, 2^97 
are the products of two lengths into the cosine of the in- 
cluded angle. Accordingly, if we know the six coefficients 
then we know the relative positions of the three vectors. 
We can consequently construct the lattice work a**, b*, c* 
and hence also its reciprocal, apart from the fact that the 
whole figure may still be arbitrarily turned or translated in 
space. 

On these considerations a method may be developed for 
investigating the lattice structure of crystals by means of the 
interference of Rontgen rays. If light of wave length \ 
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proceeds from a point A, and falling on a group of material 
points P converts these to light sources which scatter the 
light in all directions, then at any point B any considerable 
degree of light will become apparent only when a sufficient 
number of waves of equal phase arrive at B simultaneously. 
Thus the paths AP + PB must have the same length or 
they must differ from each other by a whole multiple of the 
wave length \, that is to say, for a large number of points 
P, P , 

AP' + P'B - AP - PB = ± n\ 


where « is a whole number.^ 

If now the distance PP' is so small compared with AP 
and PB that the difference in direction between AP and 
AP' and also between PB and P'B may be neglected, then 
to a sufficient degree of approximation 


AP' - AP = p.n„ 

P'B — PB =* — p . 

where p represents the vector PP', the vector of unit 
length giving the direction of the incident ray, and the 
corresponding vector for the emergent ray (fig. 19). 

The condition for the existence of considerable light at 
B then becomes : 

p , - p . 

= p . (n^ ~ tic') 

— ± 


Representing the angle between the incident and the 
emergent fays by 0 then the length of the vector tie - is 
equal to 2 sin 5/2. 

Accordingly we may write 

=s 2 sin ^/2 s, 

where s is a vector of length unity (fig. 20). 

* Strictly speaking, it is not necessary that the path differences should be 
integral multiples of the wave length. Two waves will also strengthen each 
other when the path difference is less than JA. 
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The condition then assumes the form : 


p « s 


± n 


X 

2 sin 0/2* 


Now on fixing P for a group of points P', p. s « o implies 
that all these points P' lie in the same plane as P, p . s = <? 
implies that all points P' lie in a plane at right angles to s 
and at distance c from P, (When c is positive it is on the 
s side, for c negative, on the opposite side.) 


Thus p • s =* ± nc 




implies that the points P' can be arranged in equidistant 
planes, distant c apart. 

If the points P, P' constitute a lattice work then, as we 
have seen, the arrangement into equidistant planes is possible 
in a variety of ways. 

For the lattice work 

p xa + yh 0c 

we have seen that the distances between the equidistant 
planes were given by the reciprocal of the numerical value 
of the vector 

q =s + 7]h* + ^c* 

where f, f were three arbitrary positive or negative 
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integers without any factor in common. The vector q is 
thus perpendicular to the corresponding equidistant planes 
and is thus parallel to s. 

The condition 

nK 

p . s s= + 

2 sin 6 [2 

then indicates that 

I ^ ^ n\ 

“ 2 sin 0/2’ 

or that 

n^q * « 4 sin^ 0/2. 

For q . q we may write the quadratic form in f and 
the multiplication by may be expressed by removing 
the restriction from f that they shall have no factor 

in common ; that is to say ; in the equation 

(a* . + b* . b V + + 2b* . 0*77^ + 2c* . 

+ 2a* . b*f7?)X2 ^ 4 sin2 0/2 

77, f may be any positive or negative numbers. 

If the problem deals only with a system of lattice points 
in one plane, then only the condition 

p. s = o 

comes into question. This is the condition for ordinary 
reflection at a plane. 

Then in the equation 

« c -I- 

^ 2 sin 0/2 

we would have n — o and the angle of reflection would 
remain arbitrary. 

By experiment the angle 0 between the incident and 
the emergent light is measured for all possible orientations 
of the lattice work (or space grating) with reference to 
the incident light, for which the light emerges with marked 
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intensity. From the angle d and the wave length X the 
numerical values of 

+ c*? 

possible for this grating are determined From this, the 
cx^nstitution a* b* c* of the grating is found and hence 
also that of a, b, c. 


Exercises 

Let four points R^, Rg, R3, R4 be specified by the four 
vectors r^, rg, rg, r4 radiating out from the point O. 
Construct the three vectors 

a = rg - Ti, b = r3 - ri, c - r4 - 

and show that the distance of the point R4 from the plane 
RjRgRg equals 

c' . c 

where 

c' = a X b. 

Determine the significance of a positive and negative 
sign for c' . c as regards the relative positions of the points 
Ri, Rg, Rg, R4. 

Show, moreover, that 

c' . c 

V(b' + cO . (b'“+ c')’ 

where b' c x a represents the shortest distance between 
the lines RjRg and R3R4. 

Imagine the points Rj, Rg Rg, R4 given by rectangular 
co-ordinates with O as origin (all expressed with the same 
unit of length), then the co-ordinates are at the same time 
coefficients by means of which the four vectors fj, rg, rg, r4 
are derived from the three unit vectors of the co-ordinate 
system. For any special choice of co-ordinates carry through 
the calculation. 
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For example : 

•• 

I 

- I 

2 

ra : 

- I 

2 

I 

*•3 : 

2 

- I 

3 

r^: 

3 

I 

- 5 

Hence : 

a : 

- 2 

3 

- I 

b : 

I 

0 

I . 

c : 

2 

2 

- 7 

Hence : 

a' : 

- 2 

9 

- 2 

b' : 

19 

16 

10 

c : 

3 

I 

- 3 

Verify : 

a. a' > 

« b . b' 

= c. c' 

- 29 

b' + c : 

22 

17 

7 


c . c' 
Vc' . c' 
c' . c 

V19’ 

29 

v'Cb' + 

c') . (b' 

+ c') ~ 

V822’ 



CHAPTER II 


THE DIFFERENTIATION AND INTEGRATION 
OF VECTORS AND VECTORIAL AREAS 

§ I. Rules for Differentiation 

L et the motion of a point R in space be specified by a 
vector r regarded as a function of the time t, the 
vector leading from a fixed point O to the moving point R. 
We may, in fact, suppose that the vector can be numerically 
derived from a, b, and c, three independent vectors, and 
that the coefficients are given functions of the time. 

We then understand by 

A 

dt 

the vector whose coefficients with respect to the same three 
vectors are the derivatives with respect to t of the coef- 
ficents of r, that is to say, it is the vector of the velocity. 
It is the limiting value to which the differential coefficient 

Ar _ r - 

approaches when t and coalesce, r - is the vector leading 
from the position of the point at time to the position at 
time t. Without much further consideration many of the 
rules of the differential calculus may be applied at once 
to the differentiation of vectors and their products. The 
proofs are so simple, if the coefficients of the vectors are 
dealt with, that it is unnecessary to carry them out here. 
The rules themselves, however, will be explicitly stated in 
order to impress them on the memory. 

6o 
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The differential coefficient of a sum is equal to the sum 
of the differential coefficients of the separate terms 

cl(p + q) dp dq 

dt dt ^ dt' 

and likewise for the sum of any number of vectors, 

A constant factor may be taken outside the sign of 
differentiation : 

d(ap') _ dp 


If the factor is also a function of then the differentiation 
of the product follows the same rule as with the product of 
two functions : 


d(ap) 

dt 


da 


dp 


The same rule applies also to the scalar and to the 
vector product of two vectors : 


d{p . q) ^ ^ 
dt dt 

d{p y. ^ dp 
dt dt 


. q + p 


dq 

dt 


dq 

X q + p X 


The proof, instead of being carried through by means of 
the coefficients, may also be effected directly from a 
consideration of differences : 


p . q - Pi . qi = P . q-“ Pi . q + Pi . q - Pi . qi 

= (p-Pi)-q + Pi - (q-Qi). 

or if A represents difference 

A(p . q) = Ap . q + p . Aq, 
and consequently 

A(p . q) _ Ap „ , ^ Aq 
A? A^ • ^ Aif' 

If now ^ and ^ differ sufficiently little from ^ and 
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and Pi from p, then the right-hand side differs by as little 
as we please from : 


dp 

dt 


q 


+ 



In other words, this is the limiting value to which — - 

approaches as t limits to A similar consideration applies 
to p X q. In actual fact the proof depends essentially on 
the distributive law, where we have only to write 


p X q - Pi X q = (p - Pi) X q, 

and Pi X q - Pi X qi = Pi X (Q - qO- 

In the case of the proof by means of the vector coefficients 
essentially the same laws are applied. For the distributive 
law shows itself in the fact that the coefficients of the 
product are linear functions of the coefficients of each single 
vector. The differential coefficient of a vectorial area is 
defined in exactly similar manner to that of a vector. Let 
the coefficients by means of which a vectorial area is derived 
numerically from three given vectorial areas be regarded as 
functions of t Then the vectorial area itself is a function 
of and its differential coefficient is the vectorial area 
whose coefficients are the derivatives of the three functions 
which are the coefficients of the original vectorial area. 

If the vector a is the representation of a vectorial area A, 
then, as we have already seen, a has the same coefficients 
as A when it is numerically derived from the three vectors 
which are the representations of the vectorial areas from 
which A is derived. From this it follows that, referred to 
the same three vectors, the differential coefficient of a has 
the same coefficients as the differential coefficient of A. 

In other words, ^ and ^ are representations of each other. 

For the differentiation of vectorial areas and their 
products with other vectorial areas or with vectors there 
are likewise a series pf rules into the truth of which it is 
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scarcely necessary to enter in detail. It is sufficient to 
write down the propositions 

4 - B) ^ 

di dt ^ dt 

and similarly for any arbitrary number of terms. 


If 

A 

= pq. 


then 





dA 

dp , 



dt 




£?(Ap) 

dt 

dA dp 

dt^ ^dt’ 



<pqr) 

dp ^ , dq 

dr 


dt 




d(JdS) 

dt 

dA _ . dB 



If in the formula for the differentiation of the scalar 
product of two vectors 

<p . q) ^ ^ 

dt dt 


the two vectors are set equal to each other, then for the 
scalar product of a vector with itself we get 


4p > P) 
dt 


2p . 


^p 

dt' 


In the differential calculus when we speak of indefinitely 
small quantities we mean that they are small quantities 
whose magnitudes are conceived of as decreasing arbitrarily ; 
their relationship to other simultaneously diminishing 
quantities are then studied. In similar manner we will 
speak of indefinitely small vectors, the coefficients of which 
are differentials. 

If a vector r is given as a function of a variable ^ then 
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the change produced in r by increasing t by an amount 
A/ can, by applying Taylor’s series, be represented by : 


^ dr dH Azf® 

Ar = nr A^ + ; + 

dt dfi 2 1 


This vectorial equation merely combines together the three 
Taylor’s series which give the change produced in the co- 
efficients when expanded in powers of A/. In the combined 
form, each term of the Taylor’s series represents a vector 
which enters with the others into a process of vector 
addition. An analogous form applies to the vectorial area F 
regarded as a function of a variable in which case also we 
obtain a Taylor’s series in the form : 


Art ^ 


§ 2 . Curvature and Torsion of a Curve in Space 

Suppose a vector r is drawn from a fixed point O to a point 
R which varies as a function of t. If ( is taken to represent 
time, then R corresponds to a point moving in space. 

The vector 

dr 


represents the speed of R in magnitude and direction. 
The absolute value of the speed v is derived from the 
equation 

^ V 

The vector 

t « - 

V 

has the same direction as v but is of unit length. It is 
termed the direction vector of the curve. 

We have : 


I 
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It depends merely on the shape of the curve and on the 
direction in which it is described, that is to say, it is un- 
altered by changing the speed of description of the same 
curve. 

The vector 

dt^ dt 

is termed the acceleration vector and measures the rate of 
change of the velocity vector with time. 

The vectorial area 



is parallel to the osculating plane of the curve at the point 
in question. Its complement is the binormal. 

If in this expression for the vectorial area F the direction 
vector t is introduced instead of the velocity vector v, then : 


V = z/t 


dv 

dt 


dt dv 
^ dt dt 


t. 


Constructing the external product 





then on removing the bracket the second term on the right 
vanishes since 

vt = o. 

Hence 



or introducing the arc s instead of the time t, 

F = 

ds 


5 
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The vector — is termed the vector of curvature. It 
as 

measures the change in the direction vector '"per unit of 

dX, 

arc.^' The numerical value of — is called the curvature of 

as 

the curve at the point in question. If the direction vector 
t be drawn from a fixed point O terminating at a point T, 
then during the motion T will move on the surface of a 
sphere of radius unity and dt will be the element of arc of 

d\, 

the curve described by T on the sphere. The vector -y is 

dt 

the velocity vector of the motion of T. 

Since 

1. 1 = I 

and consequently on differentiating, since 

. dt 

it follows that the velocity vector of t is perpendicular to t. 
Representing the curvature, that is, the numerical value 

of ^by then 
ds 

k ds 

is a vector of unit length, parallel to the osculating plane, per- 
pendicular to the direction vector and pointing to the side 
to which the path curves. This vector we term the Principal 
Normal and denote it by n. 

Thus : 

ds 

The vectorial area may then be written in the form 

p SS ^ = V^ktHy 

as 


where tn may be represented by a square of unit area lying 
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in the plane of osculation. The numerical value of F is 
then equal to 

The torsion of the curve is measured by the rotation ot 
the plane of osculation measured per unit of length of arc. 

If 

F and F + ^ 

are the vectorial areas corresponding to two points distant 
ds apart, then the external product of the two vectorial areas 
is a vector lying in their line of intersection, the numerical 
value being equal to the product of their numerical values 
into the sine of the angle between them. 

Thus the external product divided by the product of tlieir 
numerical values, that is to say 


F(F + d¥) = PdP 


divided by represents a vector of magnitude equal to 
the infinitely small angle between the neighbouring osculat- 
ing planes. 

Now: 



Hence 


ds 


^dv ^ dt 


V' 


g dt dt 
ds ds 


+ vH 


dH 

ds^ 


since 


V ds 




dtdt 
ds ds 


Thus the required vector is : 

~ V ds) V* dsV ~ k^^ds ds^r 
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The indefinitely small angle between neighbouring oscu- 
lating planes is then equal to 

ds A dt dH\ 

I^\ 

so that the angle turned through per unit of length is 

_i A dt dH\ 
dsdsV' 

The torsion is here reckoned positive when F(F + dP) has 
the same direction as t, that is to say, when the rotation 
of the osculating plane takes place about the direction vector 
t in the sense of a right-handed screw, for s increasing. 
Instead of the vectorial area F, its representation might 
equally well be introduced, and the torsion defined by the 
change in direction of the binormal. Instead of the external 
product of the two neighbouring vectorial areas we would 
deal in that case with the vectorial product of the two 
neighbouring binormals. In essence the two methods’ are 
the same. 

As an example consider the curvature and torsion of a 
screw or helix. If a, b, c are three mutually perpendicular 
vectors of equal length, then a helix is given by the position 
vector : 


T ^ a cos a cos t z, a cos a sin b + ^ sin at c. 

The vector r may be considered as composed of the two 
portions 

a cos a cos t z a cos a sin t b 

and 


a sin at c, 


of which the first represents a vector drawn from O to the 
points on a circle, where t is the angle which the vector 
makes with the initial position / « o. With increasing t it 
turns from the initial position a cos a a, through 90° into 
the position ^ cos a b, and so oh in the same sense. The 
second portion a sin at c is at right angles to the plane of the 
circle and increases proportionately to t^ so that the terminal 
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point of r moves on a circular cylinder. If the surface of 
the cylinder is developed into a plane, the curve becomes a 
straight line with abscissa a cos at and ordinate a sin at if 
the lengths of the vectors a, b, and c are taken as unity. 
The angle of slope of the helix is therefore a. 

Accordingly we have the following : 


V = 


r : a cos a cos t 

dr 


dt 
Hence : 


a cos a sin t 
a cos a sin t a cos a cos t 

V . V = 


a 


~ t : 

dt^ 
ds * 


a b 

- cos a sin t cos a cos / 


c 

sin a 


cos a 


cos / “ 


cos a 
a 


sin t 


d^t 

ds^ 


d^t cos a • . 

— : sin t 


cos a 

/72 


cos t O 


dt cPt 
ds ds^ 
dt d^t 
ds ds^ 


cos^a 


ab 


sin a cos^a 


I 


/ dt dH\ sin a 


c 

a sin at 
a sin a 


ds 

z; = ^ 

dt 
ds' ds 


cos®a 




abc 


According as the screw is right or left-handed abc equals 
+ I or - I. 


§ 3. Curvature and Torsion Otherwise Considered 
The vectorial area 

« dv 
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which is parallel to the osculating plane, may be defined by 
the limiting position of three points of the curve when the 
points ultimately coalesce. 

Let r, 

be the position vectors of the three points 

K-lj ®- 2 } 

and the corresponding values of the variable 

then if - r and - r are represented by A^r and A2rj 
and if and - t are represented by and A2^, by 

Taylor* s Theorem 

The vectorial area RRjRj is then equal to ; 


1 A A Ai^Ao^ ( ds A-tf 

_ Ai^A22f (A2if - Ai^) ds 

_ V- + 

Consequently ; 


dv Ad 
v + — + 

dt 2 


L aAifAgr 
A^tA^t^A^t - A^f) 

If instead of the quantities A^t, A^t and {A^ - Ait) the 
corresponding lengths A^j, A^s, A^s of the triangle are in- 
troduced, then since 


L AiJ I AjjT I 

Ai^ LA,r ~ L 


we- must have 


A-it - Alt 


F = V— = I 

dt l■■A;l^J'A2«rA2•r 
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In other words, the vectorial area 

^3 


equals four times the indefinitely small triangle RR^Rg 
divided by the product of the three sides of the triangle. 
If ay by c are the three sides of a triangle (fig. 21), and a the 
angle opposite the side then it follows directly from the 
figure that 

a ^ 2p sin a 


where p is the radius of the circumscribing circle. 
Thus 


or since 


abc = 2p sin abCy 

sin abc = twice the area of the triangle, 


4 X area of triangle 
s abc 


Accordingly the numerical value of ¥\v^ may be defined 
as the limit value of the 
reciprocal of the circum- 
scribing radius of the tri- 
angle RR^Rg when the 
three points coalesce. In 
this way also we arrive at 
the conclusion deduced 
above that the numerical 
value of F is equal to the 
third power of the velocity 
multiplied by the curva- 
ture. 

Yet another considera- 
tion leads to the same 
result. A distance of 

length unity is set off along the tangent to the curve at R 
in the direction of increasing ty terminating at T so that 
RT is equal to the direction vector t. The vectorial area 
RTRi is then equal to : 
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^tAir = it(vA,2f + . . .) 

_ 

~ 4 + • • • • 

Hence 

F . <^v __ I atA^r 

“i; ^ La^^ 

or on introducing AjS again 

F _ I 2tAir 

1^8 “ L Ai^2 • 

In other words, the vectorial area F/v^ equal four times 

the indefinitely small vec- 
torial area divided by the 
square of the chord RRi* 
Since the side RT is of 
unit length, the area of the 
triangle equals half the 
distance of the point Rj 
from the tangent RT. 
Imagine a circle drawn 
through R and R^ and 
tangent to RT, then it is 
known that RRj^ is equal 
to the product of the dia- 
meter into the distance of 
Ri from the tangent RT 
(fig. 22). Four times the 
area of the triangle RRiT 
divided by the square of RRi is therefore equal to the 
reciprocal of the radius p ; that is to say, the numerical 
value of F/v^ equals the limiting value of i/p when R^ 
and R coalesce, or the numerical value of the vectorial area 
F is equal to the cube of the velocity multiplied by the 
curvature. We can reduce the numerical value to unity 
by taking the vectorial area : 

F 
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To evaluate the distance of the point from the oscu- 
lating plane at R we need merely construct the external 
product : 



F 




dv 

dt 2 


d^v Ai^® 
6 


+ 


F d^v Ax^® 

^7^ • 



The sign is positive or negative according as R^ lies on the 
positive or the negative side of the vectorial area F in the 
osculating plane. 

Multiplying the equation by 6 and dividing by the 
first term on the right-hand side becomes equal to 

I / dv d^y\ 
kv^ \ dt dt^)^ 


that is to say, it is the limiting value attained by six times 
the distance of the point Ri from the osculating plane, 
divided by Ai^ when Rj coalesces with R, or if instead of 
dividing by Ai^^ we divide by the cube of RRj and remem- 
ber that 


then 


I RRi 
L Ai^ 


= V, 


L SRx _ I / d^y\ 
° (RRi)s “ ki? V dt dt^ ) 


where S is the foot of the perpendicular from Rj on the os- 
culating plane (fig- 23 ), and SR^ is to be taken as positive 
or negative according as lies on the positive or negative 

dy 

side of the vectorial area F =* v — considered as lying in 

at 

the osculating plane. The same sign must be given to RR^ 

L RR 

-jr-T is to be the numerical value of v. 
Ajzf 

By definition the limit depends only on the shape of the 
curve. Moreover, it is independent of the direction in which 
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the curve is described. For if it is reversed then the direc- 

• ds^ 

tion of rotation of the vectorial area F « v ^ is also changed 

and thus the positive and negative sides of the osculating 
plane are interchanged so that the sign of SRi is reversed. 
But at the same time that of RR^ is also reversed. Hence 
the expression 

I f dv d^\ \ 
kv^Vdi d^) 

is quite independent of the particular choice of the variable 
t. This may also be seen directly, for let r be a new- 



variable and t a function of r, then the velocity vector v re- 
ferred to the variable r becomes 

^ _ dr ^ dt 
dr dr 


and 


Hence 

F 


v.v- (V.V)(0. 

= V-F— ("-V + V— 1 
dr dr \-dt sdr) dr^\ 


dt \dT/ 
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further : 

and 

- dv d^v _ ^ 

^ dr dr^ Wr/ 

= p^f^Y 

dto^ydrJ’ 

and finally 

_ ^ ^ dv d^v 

(v . v)^ (v . v)^ * 

If / is chosen to represent the length of the arc, we get : 

L 6SR1 I f dtd^t\ 

(RRi)® “ 'k^'dids^y 

This is k times the expression already found for the rotation 
of the osculating plane measured per unit of arc length. 

The expression found above, which has the dimensions of 
an inverse length we will denote by i/cr. 



and analogously with the expression radius of curvature 
(k I Ip we term cr the radius of torsion. In this connection 
it is to be remarked that p has only positive values whereas 
<7 is positive or negative according as the twist of the curve 
is that of a right-handed or left-handed screw. We propose 
to investigate the relation between the radius of torsion and 
the radius of the sphere which has contact of the fourth order 
at the point of the curve in question. For this purpose let 
a sphere pass through the circle of curvature of the curve at 
the point R and through the point Rj. 

The position vector of the centre of curvature is 

r + 

dt 
Pds 


where 
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represents the principal normal [(n . n) = i]. The binormal 
we will represent by b, its length, as with that of the principal 
normal, being i, thus : 

dt 

b==Pit^. 

The position vector leading to the centre M of the sphere 
may then be written 

r + pn + /b, 

where I represents the distance, positive or negative, of 
the centre from the plane of osculation. I is determined 
from the fact that the vector MRi has a length s/p^ + 

As before, we write 

Ar = - r 

and derive the equation of condition 

(Ar - pn - lb) . (Ar - pit - /b) = p® + P. 

If the left-hand side be expanded, we must note that : 
n . n == b . b = i, and n . b == o. 

Hence the equation reduces to : 

Ar . Ar - 2Ar . (pn + lb) = o. 

Insert the Taylor’s expansion for Ar, viz. : 

^ nA^^ Aj® 

Ar = tA.r + -— +^-g- + . . . 

Since t . n = o we find 

Ar . Ar = Ar® + terms of the fourth order, 

zpAr.n = Ar® + -p«_.^Ar® + . . . , 

2Ar • b == - ^ . bAr® + . . . , 

I .. ^ 

\fi&® ^ ds) ^ “ pc’ 

dt d^t i d ^dt dpjds 

^•d^’‘ 2 ds^’ds) 
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Consequently : 

1 (idp I \ , 

3 Vp * “ oa) + . . . = o. 


3 \p as ptT. 

For Ai' “ o we then get 

dp 

I = <7^ 
ds 

so that the square of the radius of the sphere is given by 


+ -Hi; 


§ 4. Rules for Integration 

From the differentiation of a vector regarded as a function 
of one variable, its integration follows. By the integral 
of a given vector we understand a vector whose differential 
coefficient equals that of the given vector. The integral 
is determinate to an arbitrary additive constant vector, 
which disappears on differentiating : 

jr(^^')d^ = s(^^) 4- a. 

Integrating from a particular value tQ of t : 

f r(f)d^ = s(/) - s(^^o)* 

The coefficients of the integral of r(/) with reference 
to any fixed vectors from which r(^) can be numerically 
derived, are consequently equal to the integrals of the 
coefficients of r( 2 f). The three arbitrary additive constants 
may then be grouped together into a constant additive 
vector. 

For the integration of a vector identical rules apply 
as with the integration of a function ; these we need 
merely state as their proof follows directly from the fact 
that the integration of the vector is simply a combination 
of the three integrations of the coefficients. 
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A constant numerical factor may be taken from under 
the sign of integration : 

- ajrd>. 

The formula for integration by parts may be applied 
in two ways to the product of a scalar function /(a?) with 
a vector r(^) : 

where s(f) is an integral of r(/), and 


= F(0r(0 - 

where F(/) is an integral ofy(/). 


If 

so that 
and 


<^55 

ds 


the integral 

jf(f)ds 

extends over the curve traced out by the end point of r 
as t runs through its values, where r is supposed drawn 
from a fixed point O. 

If a is a vector independent of then 


J (a . T)dt == a . 

and /C^ ^ « a X y rdt 

If both a and r are independent of t then the formula for 
integration by parts may be applied : 


J(* ^ 3)“® - J» “ * - • X » - X »)^ 
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For the proof it is merely necessary to remember the 
corresponding formulae for the coefficients and to note 
that the value of a. ds and the coefficients of a. ds are 
linear functions of the coefficients of a and of ds. 

§ 5. Application to the Motion of a Point Mass 
ABOUT A Fixed Centre 

Let a point R of mass m be in motion under the influence 
of an attractive or repulsive force from a fixed centre O, the 
magnitude of the force being a function of the distance 
from O. 

Let the position of the point be specified by a position 
vector r set off from O, whose dependence on the time / it 
is required to determine. 

Let the numerical value of r be represented by r, 

T 

(r . V ^ and the vector “ by e. Let the magnitude of 

the force be /(r) where a positive value of /(r) signifies a 
repulsion and ^negative value an attraction. 

The force vector is then equal to 

/(r)e 

and the differential equation of the motion written as a 
vector equation runs 

mi = 

where r represents the second derivative of r with respect 
to the time. 

Since re = o, 

external multiplication by r gives 


The vectorial area rf, however, is the differential co- 
efficient of the vectorial area rr. Hence by integration 
rf equals some constant vectorial area C, or 

xdt = Cdt 
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— IS the vectorial area described by the vector OR during 

the motion of the point mass in time dt, taken in the sense 
determined by the order r, t. 

Hence in an interval to t,^ a vectorial area 


= w, - ^x) 


is described. In other words, the motion occurs in a certain 
plane parallel to C, and equal areas are described by r in 
equal times. The area described per unit of time equals 
ic, where c represents the numerical value of the vectorial 
area C. 

The vectorial area r^r may also be written in the form 
t^&de. For 


r = re, 

consequently 

dr = rds + dr&, 

so that 

r^r = re (rafe + drd) = rWe. 

Thus 



or writing c for the complement of C 

e X e = Lc. 

Since 

e . e = I 

and therefore 

e . e = o 

it follows that e is at right angles to e. Thus 
c X e = r2(e x e) x e = 

If Ae initial equation be multiplied vectorially on both 
sides by c, it now assumes the form 

X c = - 
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This form is equivalent to the first for it transforms back 
into the original on multiplying vectorially by - In 

the case where the attraction or repulsion is inversely pro- 
portional to the square of the distance 

this second form of the differential equation is preferable to 
the first. For in this case we get 

^if X c = - /ce 
or 

m 

X r == e. 

fC 

Both sides are now differential coefficients, so that on 
integrating we obtain the vectorial equation 

m 

— cxr = a + e, 

fC 

where a represents a constant vector, and then by scalar 
multiplication by r 

m « 

= a. r + 

K 

[since (c x f) . r = (r x r) . c = - c . c = - 

These two equations embody the complete representation 
of the motion. The last equation contains the path in polar 
co-ordinates while the previous equation gives the shape of 
the hodograph. 

If then the length of the vector a is represented by e, and 
the angle between a and r by the equation to the path 
may be put in the form 

cos <h + r, 

K ^ 

- mc^lK 

or r =* — 7. 

I 4- e cos <p 


6 
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For e < I this represents an ellipse and for 6> i an hyper- 
bola. The focus is situated at the fixed centre O, and the 
direction ^ = o, Le. the direction of the vector a defines 
the shortest distance. Since r is necessarily positive and in 
the case of the ellipse i + e cos ^ is also positive, e being less 
than I, it follows that - in^\ic is positive and consequently 
K is negative. The elliptic path can only arise with an 
attractive force. The sum of the maximum and of the 
minimum distance gives the value of the major axis 2a : 



whence the equation to the path may be written in the 
alternative form 

- « 1 - 6 ^ 
a I + e cos </)* 

We propose to draw a picture of the path diminished in the 
ratio I : a. The major axis then equals 2 and the distance 
00 ' between the two foci is 2e. The vector O'M leading 
from the other focus O' to the centre M equals a. The 
vector OS is equal to rja (fig. 24). 

The equation 

m 

— c X r = a + e 

K 

which provides the hodograph may be represented by an 
extension of fig. 24. For this purpose imagine O' is the 
fixed centre and let a circle of unit radius be described about 
M as centre. Let the radius MH be drawn parallel to the 
vector OS = rja, so that it represents the vector e. The 

vector O'H then gives a + e, that is — c x f. Imagine the 

plane of the path in fig. 25 regarded from the side indicated 
by c, so that r and r rotate in a counter clockwise direction 



POINT MASS ABOUT A FIXED CENTRE 83 


The vector will then be equal to the vector r rotated 

a further 90°. Or if the vector O'H is turned through go° 
in a clockwise direction we find 



Fig. 24. 


Since - mc/x is positive, the vector O'H turned through 90^* 
will indicate the direction of r, while its length will be pro- 
portional to r. We may imagine the scale for representing 
the velocity so chosen that the unit of length in fig. 2 5 re- 
presents the velocity - K/mc. Then O'H in magnitude and 
direction indicates the velocity to be associated with each 
point of the path. That O'H is at right angles to r might 
also have been deduced from the well-known property of an 
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ellipse that the tangent at S cuts the circle on the major 
axis at the feet of the perpendicular from the foci on to the 
tangent. That SH is at right angles to O'H is nothing 
other than is contained in the above equation : 

r _ I - 

a 1+6 cos ^ 

for the vector HS is equal to the difference between O'S and 
O'H 

2a 4* - - (e + a), 

CL 



or 

. r 

a + - - e, 
a 

whose scalar product with a 4- e gives 

a . a - e . e 4- - (e . a) + - (e . e), 
a a 

or 

6® - I 4- - e cos A + 

CL CL 

which disappears in virtue of the foregoing equation. 



SURFACE AND VOLUME INTEGRALS 86 

§ 6. Surface and Volume Integrals 

Just as we have conceived a space curve divided up into 
vectorial elements and defined a vector by means of an 
integral 

//* 

where dr was an indefinitely small element of the curve in 
space and f a scalar function, so we may imagine the sur- 
face of a body or a portion of that surface split up into an 
infinite number of small vectorial areas, and a new vectorial 
area defined by the integral 

jfdP, 

where dP represents an infinitely small vectorial area and/" 
a position function. We will suppose the sense of the vec- 
torial area dP so chosen that the interior of the body lies on 
the positive side. 

To refer this vectorial area to three given ones it will be 
necessary to evaluate three double integrals. For instance 
if i, j, k are three mutually perpendicular vectors of unit 
length, and z the coefficients of a position vector r with 
reference to i, j, k, then f may be written as a function of 
X, y, z capable of being represented in terms of any two of 
these quantities for all points on the surface. The vectorial 
area dP may be numerically derived from [ i, [ j, [ k : 

dP — dp \\ •\- dq \ \ dr \ 

where 

dpi — dp, 
dPj = dq, 
dPk = dr 

are the magnitudes of the projections of dP on the three co- 
ordinate planes. The double integrals 

j/dp, jfdq, jfdr, 

then furnish the three coefficients of 

j fdF. 
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ellipse that the tangent at S cuts the circle on the major 
axis at the feet of the perpendicular from the foci on to the 
tangent. That SH is at right angles to O'H is nothing 
other than is contained in the above equation : 

r _ I - 6® 

a 1+6 cos 

for the vector HS is equal to the difference between O'S and 
O'H 

2a + ^ - (e + a), 



or 

. r 

a + - - e, 
a 

whose scalar product with a + e gives 

a.a - e.e + ^(e.a) + ^(e.e), 

(z a 

or 

e® - I + - ecosd) + 
a a 

which disappears in virtue of the foregoing equation. 
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§ 7. Vector Fields and Fields of Vectorial 
Areas 

A region of space for points of which a vector is defined, 
is termed a vector field ; in the same sense we propose to 
refer to a field of vectorial area. If r is a position vector 
joining a fixed point O to a point R of the region in question, 
then a scalar function /defined as a function of position for 
the region is represented in the form /(r), and likewise any 
vector p which is a function of position and defines a vector 
field is represented by p(r) ; a vectorial area P defining a 
field of vectorial area is represented by P(r). 

A function of position /(r) on differentiation leads to a 
definite vector field. All points of the space in the neighbour- 
hood of a point R, for which f(r) has the same value as at 
R constitute a surface to which we assume a tangent plane 
at R to exist 

Suppose the vector r derived by means of the coefficients 
2 from three mutually independent vectors a, b, and c, 

r xa + j/b + 2c- 

Then f becomes a function of x^ y, Zy for which 

df = ^ dx ■\-^dy — dZy 

lx ly liz 

and this may be regarded as the scalar product of the two 
vectors 

g* = ^ a* + b* + ^ 

Tix 'dy "dz 

and 

dr == dxa + dyb + dzCy 

whereby a*, b*, c* is meant the reciprocal system to a, b, c ; 

« bxc-* cxa * axb 

b^ = , ; — . 

abc abc abc 

Hence : 

^ g . dr. 
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This vector g we call the gradient of the scalar function/ 
and it defines a vector field. It is at right angles to 
the surface f — constant, which passes through R. For df 
vanishes when dr and g are at right angles. If dr acquires 
the same direction as g and is of length dn^ then 

dt = 

\/S-S 

so that 

d/ = d^j^g . g, 

that is to say, the numerical value of the gradient is 
measured by 

d^ 

By means of the equation 

df-=^g. dr, 

which is satisfied by the vector g, its independence from the 
selected unit vectors a, b, c in terms of which it was originally 
defined, is made evident For from this equation both its 
direction and magnitude may be directly derived without 
reference to the selected unit vectors. In other words, if 
instead of a, b, c we chose any other mutually independent 
vectors p, q, r from which the vector r may be numerically 
derived, 

r = f p + 9?q + fr, 

so that yis now to be regarded as a function of 17, and 


^/= ^^1 + 


'dv 


drj 




then the same vector g is capable of being expressed in the 
form 







where once again p*, q^, stands for the reciprocal system 
to p, q, r. 

In this derivation of the vector g from the function of 
position /use is also made of the symbol 
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where V expresses the vectorial operator, 



^ . at ^ at 

+ — b* + — c* 
Ty' 7 )^ 


which is applied to the function / This symbol is derived 
from the Hebrew word “ Nabla.” * By the introduction of 
new independent vectors p, q, r the operator takes the form 




Accordingly we may speak of V as a vector whose coefficients 

referred to a*, b*, c* are the differential operators 

if jr, j/, z represent the coefficients referred to a, b, c. On 
transforming to new co-ordinates the expression for 


changes into 


'hy 


— a* 4- — b* 4. — c* 




-r + 2,^- 




If z refer to a self reciprocal system i, j, k, then 
evidently 


since the distinction from the reciprocal system disappears. 

If a vector field g is given and is derivable from a scalar 
function /by means of the formula 

then - /is called the potential function of the vector field. 
The term originates from mechanics. If, for example, g 
represents the force experienced by a point mass situated 
at any given position of the field, we may associate with 
the point mass a definite “potential energy^' or energy of 


***Nabla” is the expression for a harp-like musical instrument whose 
shape is represented by the symbol 
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position which, during a displacement of the mass 
undergoes a change ; 

- g . = - df. 

If the point mass is translated along a curve from a point 
A to another point P, then 


A -/p == T- 

A 


. dt, 


the total change in potential energy. As is evident from 
the left-hand side of the equation, it depends only on the 
positions of the points A and P and not on the path along 
which the mass was displaced. If the point A is held 
fixed while P is considered to vary, we note that an 
addition oi - f during the change in position gives the 
quantity of energy that must be contributed to the point 
mass in order to produce the displacement in question in 
the field of force, while a diminution of this amount, on the 
other hand, would give the quantity of energy that would 
be delivered up by the mass. Apart then from an arbitrary 
constant - f measures the potential energy,’’ that is, the 
energy of position existing in the point mass, and is there- 
fore called the potential function or simply the potential. 

Applying the operator V to a vector field p in such a 
way that the external product 


VP 


is taken, we derive a field of vectorial area. If w are 
the coefficients of p referred to the reciprocal system a 
b c then the external product is 

W - s) ^ Is - to) ‘ * + (to- to) * " 

or the vectorial product equals the complement of this. 
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This vectorial area, just as with the vector V f already- 
discussed, must be independent of the initially selected 
system a, b, c, to which the variables z refer, as can 
easily be proved. 

Finally, applying the operator V to the field of vectorial 
areas F by taking the external product 

VF 


we again derive a scalar function. If r are the 

coefficients of the representation of F referred to a, b, c, 
then 


VF = M + ^ + ^. 
liX Ty 'hz 

Once again this scalar function, as we shall presently see, 
is independent of the unit vectors a, b, c. 

In addition to the operator V we propose to introduce 
its representation : 

I V = — — + — — + — — . 

"hx abc "by abc bz abc 


For the same reasons as allow us to refer to V as a vector, 
we may refer to 1 V as a vectorial area. Applied to a 
scalar function to a vector field p, and to a vectorial area 
F, the operator [ V gives in the first case a field of vectorial 
areas, in the second a scalar function, and in the third a 
vector field, 




V ca a/ ab 
liy abc Da: abc’ 


V. p = p. V 


P I V 


jW: ciy 'bz 



Here p, q, r are the coefficients of p referred to a, b, c and 
u, V, w the coefficients of F referred to be, ca, ab. 

All three quantities, as we shall presently see, are in- 
dependent of the unit vectors. 
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§ 8. The Transformation of Surface into Volume 

Integrals 

Let the boundary of a body be supposed divided up in 
elementary vectorial areas ^<3 whose sense is so chosen that 
the interior of the body lies on the positive side. The 
body lies inside the region for which p, and F are defined 
so that we may integrate over the boundary, first the 
product fdQ.^ secondly the external product p^Q, and thirdly 
the external product PdQ, 

The following three formulae then apply : 


I. 

[m+j/] 

= o, 

2. 

[pdG + fp 

1 V<a?T = 0, 

3- 

Jpdo + fp 1 

V^T = o, 


where dr in the second term is a positive element of 
volume and the integration is to be extended throughout 
the volume of the body. 

To prove these, imagine the body split up into portions 
but the various parts assembled in their original positions. 
Each integral may then be replaced by the sum of the 
integrals over the separate parts. For the volume integral 
this is self-evident. That it is true also for the surface 
integrals follows from the fact that each portion of the 
boundary of a part lying inside the body appears twice, as 
the common boundary of two parts. For the one part, 
however, the sense is opposite to that for the other 
part Consequently the sum of the corresponding portions 
of the integrals vanish and there remain only those portions 
of the boundary of the parts which together form the 
original boundary of the body. 

Let now one of the parts be of parallelepiped form, the 
sides of which are parallel to the co-ordinate planes and let 
the edges presumed small be of lengths A;r, Ay, Ajs. Let 
one corner have co-ordinates jr, j/, je, the other corners being 
derived from it by increasing the appropriate co-ordinates 
by A;r, Ay, A^. 
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Then for the sides parallel to thej^^-plane 

dQ = dydzhz and dO. = - dj/dshc, 

where the positive sign corresponds to the side with the 
smaller co-ordinate. Hence for these two surfaces we 
obtain 

/ y, z)dydzhz 

and 


i.e. neglecting terms of higher order 




AArAyAzbc. 


The contributions of the sides parallel to the ats- and 
:r;/-planes are derived by cyclical substitution, so that 
neglecting terms of higher order all the terms together give 
the vectorial area : 

- /* I V ArA^Asrabc. 

The volume integral j/ \ ^ dr throughout the same 
portion provides 

+ «/ 1 A AxAyAzabc 
as far as terms of this order. 

Together the contributions of both integrals amount to 
terms of higher order than AxAyAz, Hence it follows that 
the sum of both integrals over the parallelepiped whose sides 
are parallel to the co-ordinate planes must vanish. For if 
the parallelepiped i^ split up into similar ones, each of 
them contributes a quantity which as n increases becomes 
small in comparison with Hence the total value cannot 

be different from zero. The proof for every such parallele- 
piped region involves also the justification of the formula for 
any arbitrarily bounded body. For if the interior of the 
body is supposed split up into a sufficient number of small 
parallelepipeds, those portions of parallelepipeds remaining 
at the boundary contribute merely an indefinitely small 
amount to the two integrals. For the threefold integral 
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this follows directly from the smallness of the total volume 
of these portions. For the surface integral it follows from 
the fact that for a sufficiently small portion 

J/dQ =/fdG 

on neglecting terms of higher order. But as we have 
already remarked, for the surface of a body 

= o. 

Consequently the total contribution of all these small 
portions is of the order of their volume, i.e. indefinitely 
small. 

A proof quite analogous to that carried through for case 
I m^y be developed for cases 2 and 3. We need merely 
consider again a parallelepiped whose edges are of length 
In case 2, for the side perpendicular to the 
;ir-axis j pdG contributes 

/ P ft z)dxdyhc - j p(x + Ar, y, z)dxdyhc, 

that is to say, neglecting terms of higher order 

- = - (ga + gb + gc)v^>'A^bc 

tip 

= - ^A^AjA^^abc. 

Thus the whole surface of the parallelepiped provides, 
n^Iecting terms of higher order 

- p 1 V Aar^Asrabc, 

which again disappears when added to the contribution from 
the volume integral. In case 3 for the side parallel to the 
yz-pla.ne, j F^fQ contributes 

Jp 0)dxrdj/bc - Jp (#• + A^, z)dzdj/bc, 
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that is, neglecting terms of higher order, 

- + ^ab)A^Aj.A^bc, 

i.e. 

/2)z/ 'bw \ 

- ^bjA^AjA^abc. 


Hence the whole surface of the parallelpiped provides a 
term 


- F 1 V Ax^j/A^abCy 


neglecting higher order terms, and this again disappears 
when added to the contribution from the volume integral. 

The passage to an arbitrary body over whose surface and 
throughout whose volume the integrals are extended, is 
carried through exactly as in the first case, and we need not 
repeat it here. 

From the three theorems we may assert the following 
conclusions, that the three quantities 


/IV, Piv, F|v 

are independent of the choice of the unit vectors of reference. 
For a sufficiently small body of volume At the three volume 
integrals are equal to 

/IVAt, pIVAt, FIVAt, 

neglecting higher order terms. 

Hence as far as terms vanishingly small in comparison 
with At : 

F|V- 

Thus / 1 V, P 1 V, and F [ V may be defined as the 
limiting values to which the right-hand sides approach as 
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Ar diminishes. Since, however, the right-hand sides are 
mdependent of the choice of unit vectors, it follows that the 
same is true for the left-hand side. ^ “ 

In place of the vectorial area/ 1 V we may also intro- 
uce Its representation, the above defined vector For 
P V we may also write the scalar product V . p and for 
F I V we may write also the vectorial product of the two 
^p^nlatio™ of F and | V, that is | Fa V or- V a7p 

in the feet of the similarity 

in type of the three integral propositions. ^ 

§ 9. Applications of the Theorems of 
Transformation 

completely immersed in a heavy fluid at 

nStl- ® function of 

position which we designate by/. The force exerted by the 

fluid pressure on the element of surface dQ may be expressed 
by the representation of the vectorial area ^P^essed 

pdQ, 

pressure is consequently equal 
to the representation of the vectorial area 

JpdQ, 

where the mt^al extends over the surface of the body 
From the first of the three formula the resultant is 
consequently equal to the representation of 

- jp 1 V^T, 

that is, the resultant itself is equal to 

- fvP^T. 

densitj/th?fi^‘°” incompressible of 
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Hence the gradient of the pressure is 
and the total resultant thrust 



i.e. the resultant is equal and opposite to the weight of 
displaced liquid. Formula (i) § 8 is completely represented, 
physically if we imagine the space occupied by the body 
entirely filled with liquid. For each element of the fluid dr^ 
the pressure experienced on its surface balances the weight, 
which must therefore have the value 

\7pdr. 

Thus '^p is the vector field for gravity, measured per unit 
volume. 






Fig. 26. 


The simplest point of view is to imagine two surfaces in 
the liquid 

p = constant, and / + = constant, 

and between them a cylindrical element of height d;z and 
cross-section drjdn (fig. 26). In order to balance the excess 
of pressure dp on the area drldn^ the weight of the element 
must be in the direction of the normal from the surface 
p — constant to the surface p dp = constant and be of 
amount dpdrjdn^ that is to say, it must equal the vector 
SJpdr. 

Formula (2) may be interpreted physically in a different 
manner. Imagine a vector field determined by taking the 
product pv of the density and velocity at each point of a 
moving fluid in space, and suppose an arbitrary region is 
separated off. The vector pv is then at each instant, a 
function of position, that is to say, we need not limit the 
case to that of steady streaming where the vector is 
7 
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independent of time. Every vector field p, dependent in 
any arbitrary manner on time, provides the possibility for 
constructing such a physical picture of a moving fluid. At 
any particular instant we may even assume the density p to 
be an arbitrary positive scalar function. As will be evident 
from what follows the density will be found from the vector 
field p for all time, and when p is determined we immediately 
derive 

V = vIp- 

If as before the vectorial area dQ. is an element of the 
surface with a sense so chosen that the interior of the space 
lies on its positive side, then the external product 


pvdQdt 


represents the quantity of fluid which streams through d(i in 
the element of time dt, reckoned positive if entering the 
region and negative if leaving. 

The integral 


j pwdQdty 


extended over the whole boundary of the region, will 
therefore specify by its positive or negative sign whether 
more fluid enters or leaves the region and will give the 
quantity by which the fluid in the region has increased or 
diminished during the element of time dt In each element 
of volume dr the density changes during the time dt by 

The value of the integral may therefore also be 
expressed in the form 


^S-drdt-, 

J -bt 

hence 

Accordingly, formula ( 2 ), § 8, may be written 
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and it follows, since the region is bounded i.U/ 
manner 

^ + V. (pv) = o. 

Thus formula (2) expresses simply the fact of the balance of 
matter for the region considered. The change in amount 
present in the volume may be calculated, on the one hand, in 
terms of the fluid streaming through the boundary, and on the 
other hand, by the change in density in each element of space. 
The surface integral derived from the first calculation 

jpdG,(p = pv) 

must consequently be equal to the volume integral 

-fp\V^r 

derived from the second calculation, as formula (2) asserts. 

The expression p ] oi* what is the same v • P> is called 
the divergence ” of the vector field p. The term originates 
from the physical meaning of V • v, where v represents the 
vector field of the velocity of a moving fluid. Since, as we 
have seen above. 


9l 

LStL; 




= ■-V.pv= - Vp.v- 


P V. V, 


we may also write 


I dp 

p dt ^ ‘ 


V, 


where ^ stands + Vp- v, and measures the change 

of density of an element of fluid per unit of time, which in 
the element of time d^ has acquired a displacement 
For the variation of its density with time is composed of a 

change ^ dt (Xy y, and ^ remaining unaltered) and a change 

because of the alteration of x, y, z by amounts udt^ vdty 
wdty that is 
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The value of V . v thus furnishes the relative change of 
density per unit time in such a way that a positive value of 
V . V indicates a thinning, an expansion (divergence) of the 
fluid at the point in question. Hence V • v is called the 
“ divergence of the vector field v, and the conception is 
extended to any arbitrary vector field p, even when p is not 
a velocity, but has some other physical significance. 

If the divergence of a vector field p is zero 

P I V = V- P = o. 

then from formula (2) it appears that for the boundary of 
any arbitrary body in the field 

jpdQ = o. 

Imagine once again a fluid in motion, of density p and 
velocity v such that 

p pv, 

then in consequence of the equation 




V.p = o 


the density at each point is independent of time. If now it 
is assumed to be i everywhere at any instant then it con- 
tinues to have the value i, and thus 


p - V. 

The vector field p, whose divergence disappears everywhere, 
may be taken to represent the field of velocity vectors of a 
streaming incompressible fluid of density i. The equation 



then asserts that for the region over whose boundary the 
integral is taken at each instant as much fluid enters as 
leaves. 

If we care we may take the vector field as fixed so that 
it does not vary with time. The streaming is then steady. 
Let the fluid enter into the region through any small portion 
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of the boundary, and follow the streaming element until it 
leaves the region at some other point of the boundary. 

This part of the fluid we term a stream-filament. The 
strength of the current flowing in it, that is to say, the 
quantity of fluid passing any section of it per unit of time, 
is measured by the integral 



extended over that part of the boundary where the stream 
filament enters the region ; we may, however, equally well 
calculate the current by taking the integral over any other 
arbitrary section of the stream filament and selecting dd 
an element of the section in such a way that the current 

flows from the negative to the positive side. That J pdG 
has the same value for every section of the stream filament 
follows directly from the physical meaning of the integral 
since it is evident that for an incompressible steadily moving 
fluid a constant quantity of fluid flows through per unit 
time ; on the other hand, it is also ctear mathematically if 
we consider the region between two sections and take the 
integral 



over the boundary of this region. According to formula ( 2 ), 
§ 8, in consequence of the evanescence of the divergence of 
p this integral must vanish. Now on the surface of the 
stream filament itself pdG is everywhere zero since p is 
parallel to the vectorial area dQ. Hence the two portions 
of the integral over the cross-sections of the filaments are 
equal and opposite, or what is in effect the same, they are 
equal if in both cases the element dG is so selected that the 
current flows from the negative to the positive side. 

Such a vector field p, for which the divergence V P vanishes, 
may consequently be supposed constituted of a large 
number of stream filaments of equal strength e. To evalu- 
ate the integral 
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for any portion of the boundary of any region it is merely 
necessary to calculate the number of stream filaments which 
cross, reckoning them as positive when they correspond to 
flow from the negative to tho positive side of dG, and vice 
versa. The number of stream filaments multiplied by e 
then provides the value of the integral. This striking 
method of evaluation was first applied to the magnetic field, 
where p represents the force experience at the point in 
question by a magnetic pole of unit strength. A magnetic 
field has consequently the property that its divergence at 
each point vanishes. 

In order to give a physical interpretation to formula (3), 
§ 8, also, let us again consider the case of a body immersed 
in a heavy fluid in order to evaluate the moment exerted 
upon it by the pressure of the fluid. 

The pressure on the element is the vector whose 
complement, as we have already remarked, equals 

pdQ, 

where p again represents the pressure. If r stands for the 
position vector of the element dG then the moment of the 
force referred to the point O, from which the position vector 
is drawn, may be represented by the vectorial product of the 
position vector and the force, or what is in efect the same 
thing, the external product of the complement of r with 
pdG, the complement of the force. 

Hence the total moment of the fluid pressures referred to 
O is given by the vector 

j^dQ, 

if R is the complement of the position vector. Let us 
apply formula (3), § 8, to this integral by introducing R/ 
for the vectorial area F. The turning moment may then 
also be written as the volume integral : 

- Jf \ \7dT. 

The vector F [ \7 can now be separated into two portions 
corresponding to the two factors of F. If p were indepen- 
dent of position we would only have the portion /(R [ V) ; 
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if R were independent of position we would merely have the 
portion R(^ | v) or R | If p and R are both depen- 

dent on position, then 

P I V = XR I V) + R i V/. 

or, as we may also write this, 

p 1 V = /(>• X v) + r X V/. 

Now by direct expansion of 

(xi +j^i + 0k) X (A i + A j + ;^ k) 

we see at once that r x V is zero. 

Hence 

F 1 V = r X V/, 

and the turning moment assumes the form 

- Jr X S7pdr, 

Imagine the body replaced by fluid, then, as we have 
already found from equation (i), § 8, the weight of an 
element of fluid is given by ^jpdr, so that r x is the 

moment of the weight referred to the point O. Thus 
formula (3), § 8, merely asserts that the pressure of the liquid 
on the surface has a moment equal and opposite to that of 
the weight of the fluid inside the boundary. It would 
appear that this is nothing more than the condition for the 
equilibrium of the fluid. If an arbitrary portion of the fluid is 
bounded off the forces operating on it must be in equilibrium, 
and these forces consist of the pressures on the elements of 
surface and of the weights of the elements of fluid. The 
pressure may be any scalar function of position which then 
fixes the gravitational field. Equilibrium is effected by 
having the sum of the moments of all these forces referred 
to any arbitrary point, zero. 

§ 10. The Transformation of Line Integrals into 
Surface Integrals 

To the three formulae (i), (2), (3), § 8, there correspond 
three others in which the volume integral is replaced by one 
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over a portion of the bounding surface and the surface 
integral by one over the edge of that boundary. 

Let dt represent an element of the edge and an 
element of the bounding surface so selected that the sense 
of do. is the same as would be obtained by describing the 
boundary edge in the direction dt. 

The following three formulae apply : 

(1*) \fdr + /(/I V)^a = o; 

(2*) /p^r - /(p 1 vya = o ; 

where p is a vector everywhere parallel to the vectorial 
area dd 

(3*) JPdr + J(F 1 vya = o. 

The proofs are very similar to those for the previous three 
formulae. 

Imagine the surface divided into a large number of small 
elements and the boundary of each element described in the 
same sense as that of the original, then the line integrals in 
each of the three formulae may be replaced by the sum of 
the integrals for the elements. For all the line boundaries 
common to two elements of the surface are described during 
the integration twice, in opposite directions, so that the 
corresponding contribution to the total integral is zero. 
There remain only those elements of the line boundaries 
which are also elements of the original line boundary, and 
they are described in the integration in the same sense as 
that of the original boundary. 

Now let us suppose the elements of the surface so small 
that we may regard them as plane, and let us take the Jir- 
and jy-axes parallel to the sides of a rectangle so that the 
line integral from the corner jtr, j/ extends to y ; 

then to X + Ax^ y + Ay ; then to x, y + Ay ; and back to 
X, y. Let the unit vectors be i, j, k, which are self reciprocal. 
To fix our ideas consider formula (i*). The two sides 
parallel to the y-axis then furnish 
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that is, neglecting terms of higher order 

^AxAjyj, 


and the two sides parallel to the ^-axis 

Regarding the rectangle as a vectorial area let it be 
represented by AQ. Then : 


AG = A^rAjd j. 

The line integral 

J/^r — terms of higher order 

may, neglecting higher order terms, be written as the 
external product of the two vectorial areas : 


AQ and Jk + ^ ki + = / I V. 

'dy Tiz / 


For in the external product 

AQC/I V) 


we have 


so that we get 


Cii) (ik) = i, 

(ij) (W) = - i, 
(ij) (ij) = o, 


Accordingly : 

jfdr = AG (/I V) + terms of higher order. 


Since AQ and f j V are independent of the system of 
co-ordinates so also is A.G(/‘ | V)- 

Apart from a remainder which may be made arbitrarily 
small by taking AQ sufficiently small, the whole line integral 
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may be expressed in terms of the sum of the external products 
AQ(/ ] V), and therefore the whole line integral is the limit 
value approached by the sum of the quantities AQ(/ ] V) 
when AQ becomes sufficiently small. 

Thus 

//^r = /^Q(y| V), 
or 

j/dr + f(/\V)dQ = 0. 

The splitting up into rectangles may be conceived as occur- 
ring by drawing over the surface two orthogonal systems of 
curves. The non-rectangular elements remaining at the 
boundary, together give a quantity merely of the order of 
their total area which, by taking a sufficient number of 
curves of the orthogonal systems, may be made an indefinitely 
small fraction of the given surface. 

Formula ( 2 *) may be established in the same manner. 
The line integral taken over the sides of the rectangular 
vectorial area AQ gives a quantity 



on neglecting higher order terms. 

Since p is parallel to AQ, it must be derivable numerically 
from i and j, thus : 

p = ui + vl 

Hence 

and consequently neglecting terms of higher order for the 
boundary of the rectangle 

(s* - I 

where the right-hand side is once again independent of the 
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choice of co-ordinate system. For the same reasons as before 
we derive for the whole line integral 

jpdr = j(p I v)^Q- 

In case ( 3 *) for the edges of AQ, neglecting again terms of 
higher order, we find 



which once again may be written in a form independent of 
the co-ordinate system 

- (F I V)AQ. 

For the whole line integral we obtain once again in the 
same manner 

-/(PI 

and hence formula ( 3 *) 

( 3 *) jPdr + /(F 1 = o. 

If the vector which is the representation of the vectorial area 
P is called f, then the formula ( 3 *) may also be written 

Jt. dr -b j(i Tf)dQ. « o, 

(f X dd being positive or negative according as the vector 
f X V is directed to the positive or to the negative side of 
da, and its numerical value being equal to the volume 
described when the vectorial area dd is displaced by an 
amount specified vectorially byfxv* 

If f X V = o over the whole surface to which formula 
(3*) applies, then : 

dr «= o. 

If A and B are two points on the line boundary, then the 
two portions of this integral, corresponding respectively to 
the path along the boundary from A to P, and from P to A, 
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will be equal and opposite, or expressed otherwise the value 
of the integral 

^f.dr 

is independent of whether the path is taken along the one or 
the other side of the boundary. Any other path, in fact, 
from A to P gives the same value for the integral provided 
it can be derived from this one by continuous variation in a 
region for which F | V is zero. For the two paths together 
would then define the boundary of a surface for which F | V 
vanishes. If now the point A is maintained fixed, while P 
is allowed to vary, then the integral 

Tf , dr 

J A 

defines a scalar function /‘of the position of P. By displac- 
ing the point P through dr the function alters by an amount 
f . dr. Thus the vector f is the gradient of the scalar 
function. Conversely, if the vector f be the gradient of a 
scalar function / then 

f X V = o. 

For then 

jt. dr = jd/=^ o, 

where the integral is taken over the boundary of a region 
for which the gradient is defined. 

From this it follows, according to our formula, that 

JCf X vyQ = o, 
or since the boundary is arbitrary 


f X V = o. 

This may be obtained directly from the fact that 


+ if I 


^k) X (Ai + A J + i-k) 

7)y 2)^ / 


o, 


since the order of differentiation may be changed. 
The property of the vector field 
f X V = o 
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IS therefore not merely the sufficient but also the necessary 
condition that the vector f should be the gradient of a scalar 
function, or what amounts to the same thing, that 

i, dr 

should be a complete differential. 

When the integral 

jf* dr, 

taken over a closed curve, assumes a value different from 
zero it follows that if any surface whatever is taken with its 
edges on the given curve, there must lie a point or points on 
this surface where f x V is not zero. Those portions of the 
surface for which f x V is zero contribute nothing to the 
surface integral but this is not the case for those for which 
f X V is different from zero. These alone determine the 
value of the surface integral, and consequently from ( 3 *) of 
the line integral also. By an alteration of the bounding 
curve in such a manner that those portions of the surface 
are removed or added for which f x V vanishes the value of 
the line integral will be unaffected. In other words, the 
curve in space may be continuously altered without changing 
the integral provided the region described by the curve in 
varying is such that f x V vanishes everywhere within it. 
When by such variation the curve can collapse into a point 
without leaving the region for which f x V Is zero, the line 
integral must have the value zero. A region which has 
the property that every closed curve drawn in it can be 
continuously reduced to a point in this way is termed simply 
connected. If a vector field f is defined in a simply connected 
region for which f x V is zero, then the integral 

jt.ar 

taken over any closed curve in the region must vanish. 

A region is multiply connected when closed curves in 
it cannot be reduced to a point without leaving the region, 
for example the space enclosed by a finger ring. A closed 
curve which circumscribes the finger once inside the ring 
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may indeed be continuously varied into every other curve 
which does the same but it cannot be arbitrarily reduced. 
If now a vector field f were defined which in the region 
of the ring possessed the property 

f X V == o, 

then the case could arise where 

ft. dr 

integrated over a closed curve could have a value different 
from zero. For all closed curves which encircle the finger 
once inside the ring in the same sense, the value of the 
integral must be the same, while if it encircles it ^-times 
the value is ^-tirnes this. The scalar function which 
is derived by the integration from a fixed point A to a 
variable point P is then multiple valued. For the same 
point P the value of f may be altered an arbitrary positive 
or negative integral number of times a certain constant 
by encircling the ring an arbitrary number of times in 
the one or the opposite sense before arriving at P. Such 
a region is termed doubly connected. .The region outside 
the ring is likewise doubly connected. Every closed curve 
external to the ring, but which does not thread it, may 
be reduced to a point, while every closed curve threading 
the ring once may be reduced to any other which does 
the same. If we imagine an electromotive force applied 
inside the ring, so that an electric current is set up, a 
magnetic field i will originate which, as is shown in the 
theory of electricity, possesses the property that outside 
the ring where there is no electrical flow, 

f X V = o ; 

inside the ring, however, where there exists an electric 
current, 

measured in the customary electrical units, is equal to 
47r times the current through ^/Q, reckoned positive when 
it flows towards the positive side ot dQ. 
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Now imagine a surface cutting the ring at some position 
and let us integrate 

ft . dr 

around the boundary of this section. From formula ( 3 *) 
this line integral is equal to the surface integral 

Jcv X <yQ, 

and its sign indicates at once whether the electric current 
flows from the positive to the negative side of the surface 
or vice versa, while its numerical value divided by 47 r 
measures the quantity of electricity passing per unit time. 
In other words, the constant 



is a measure of the current flowing in the ring. The 
form of the curve is immaterial, always provided it threads 
the ring. 

The vector 

V X f 

is called the spin or the rotation or the rotor of the field 
f at the point in question. The term originates from a 
consideration of a fluid in motion. As we shall show 
later, if f represents the velocity vector field, then 

iV X i 

represents the rotational velocity at the point The direction 
of this vector 

iV X f 

gives the direction of the axis of rotation in such a way 
that the rotation is that of a right-handed screw moving 
in the direction of the vector. The length of the vector 
represents the magnitude of the rotational speed. 

Thus the vector field f, when its rotation is not zero, 
that is, when f is not the gradient of a scalar function, leads 
to a second vector field : 

ST = V X 1 
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The divergence of this second field (see § 9) is zero. It is : 

V- S = V. (V X *). 

Now let the three factors on the right-hand side be 
cyclically interchanged : 

V.(V X f) = V-Cf X V), 

but 

fxV=-Vxf, 

consequently 

V. (V X f) : V. (V X f), 

which therefore vanishes, analogously with the formula 
stating that the parallelepiped formed from three vectors 
vanishes when two of the vectors become equal. The 
derived vector field g is apparently then of the type dis- 
cussed above (§ 9), where g may be conceived as the 
velocity of an incompressible fluid in steady motion and 
the vector field may be separated out into stream filaments 
all of which have the same current strength. 

§ 1 1. Introduction of Curvilinear Co-ordinates 
The quantities 

/ 1 Vi P 1 Vi P 1 Vi 

which have been derived from the scalar function /of posi- 
tion, from^ the vector field p, and from the field of vectorial 
area F, might be defined as the limiting value assumed by 
the ratio of the integrals ^ 

f/\Vdr J/dQ; 

J P I = — jpdO . ; 

/f i V^T = - jYdd -, , 

to the volume At when the volume At through which the 
integration is to be extended shrinks to a point. From this 
we can derive the simple expressions given above for | V. 

P j V. P i V- Let a system of co-ordinates be determined 
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also be written in the form 

In the same way : 


„ 2) 
V — 




a? ' ~ ‘ 35? ‘ * -- 3r 

1/3 3 


vt4 


But this form of the operator must equally well be capable 
of being applied to the vector field 

p = pia + /gb + /gC 

or to a field of vectorial area 


F = y^bc + y^ca + y^ab. 

For the external multiplication by and | ^ arises in the 
formation of gradients '^p and their Tepresentations, e.g. 

VP = VAa + V?^2b + 

If the vector p is referred to the vectors e, f, g, and F to the 
vectorial areas fg, ge, ef, then we have merely to note in 
applying the operator V or I V that e, f, g and tg, ge, ef 
are not constant vectors and vectorial areas but depend 
on position and must therefore also be involved in the 
differentiation. 

In the three formulae 

+ jy I Vt/r = o, 

Jpda + Jp I Vdlr = o, 

Jpiia + fP j Vdr = o, 

the volume integrals may also be expressed in terms of 
curvilinear (^-ordinates ^ It is merely necessary to 

f In pax&aiiai VS = S*i Vn = t*, VC= g*. 



CURVIUNEAB. CO-ORDINATES 


115 


replace the volume element dr by the external product of 
the three vectors 


i.e. 




Jir , Sr 


efg d^ dtj d^, 


and for | v operator 

fg S . ef S 

efg Sf efg St? efg S^ 

that is, for \ '^dr we have to substitute 








If a region is bounded off by three pairs of surfaces ^ and 
^ + A^, Tj and ^ + A97, f and f + Ag; then, neglecting terms 
of higher order : 




Sfg . Sge . Sel 

Hr r 


?)A|AT,Ar. 


^Sf St? Sg"- 
Since for the two surfaces | and f we have 

JdQ ^ /[(fg)j - 

or 

- JflJQ = J^^drfd^d^ + terms of higher order 

= ^ Af At?A(;’ + terms of higher order. 

Now since JaSl is zero when integrated over the whole 
boundary of any arbitrary volume, it follows that 


Sfg , Sge Sef 

for if it were different from zero then for sufficiently small 
values of Af , A77, Af the quantity IdQ would also be differ- 
ent from zero. 
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With the aid of this equation we may throw the quantities 
y 1 V> P I V> P i V> yet another form. We add to each 
of these the quantity of zero value, 

I ^ 3ef\ 

multiplied by/, p or F, and obtain 

/ 1 V = ~(fs + ge -^ + ef 

«Sg\ ^ iT) af/ 

+ -L(/^ +/^ + 

or 

/iv = 4-(^ + ^ + ^ 

efe ^ af ai? a(r / 

with the analogous formulas 

p 1 V = — ^ + ^Pef\ 
efgVaf ^ ir, 




, f)Fge 2>Fef 

—TTr* "T“ — + — 


by Pfg, eta, is understood the vector formed from the ex- 

te^l product of the vectorial areas F and fe, or written 
otherwise *’ 

Pfsr = I F X I fg = (efg) I F X e* 

^ we have already remarked, the represmtation of / 1 vy 
K termed the gradient of the scalar function/ and p I 4 t^ 
dw^gence of vector field p, while - P | v the rotation 
of the vector field ] F. This then indicates the procedure 
for expressing gradient, divergence, and rotation in cur- 
vilmear co-ordinates also. 

As an example consider- the polar co-ordinates in space, 
Ty By ^ in terms of which we can write : > 

^ “5 #1 + ^ sm « sin dk F„„, 
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e = — = sin 0 cos <bi + sin d sin (hi + cos 0k, 

"br 

f ^ r cos 0 cos (f>i + r cos 0 sin <j>i - r sin 0k, 


g = — r sin 0 sin (f)i + r sin 0 cos (hj, 

bfp 


dr = dr& + d6t + d<f)g, 
dr . dr = dr^ + i^d&^ + sin^0d^^. 

For 

e. e = i,t.i=‘i^,g.g=‘i^ sin^^, 

f. sr = g.e = e.f = o 

and thus 


efg = y® sin^ 0, 

e = (e . e)e* + (e . t)t* + (e . g)g* = e* 

f = (f . e)e* + (f .f)f* + (f . 

g — (S- e)e* + (g ■ <)f* + (g . g)g* = sin® 0g*, 


^ 

-^. + 4Ai + 


'b<f> 






T^r W sin2 0 


sin 0* 


The gradient of a scalar function f is in terms of polar 
space co-ordinates equal to : 


V/ 


2?:. + L3?: 

1^0 


f 


-f- 


I v 

sin8 0 Icf) 


If p = ue + z/f + wg 

the divergence of the vector field p is most easily obtained 
in the form 
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Now 

pfsr = uefg, pge = pgf = 
and therefore if we write ef^ = o. then 
7ia)V 

'bT) 




ar ® a^ ^ 0) j)97 <a af • 

If the operator | v is applied directly to p we find 

n f Y7 — 

+ V)+t^(f I v) + ^^-(^| V), 

and since the result must be the same ac in c * 
conclude that ‘^ase we 

® c)f 0) 

= «Ce [ V) + v(t I V) + w(g I V). 

Snce^^ “■ ^ functions of |, f. 

I bo) , 

0) ^ ® f 

i^ = fl 
€0 by; * 

I c)® , 

«af = sil V. 

that is, the gradient of log « is equal to 

tenufpScI” a,e «. 

® = efg^. 



CURVILINEAR CO-ORDINATES 


119 


and therefore 


'b^'hT) 'bT}^ 

2)r 

^ <>®r t)e 

Si? ~ Si7Sg’ “ St’ 

()6) t>e i)e j, 

J( - j|‘« + 55«* + Tf'* 


SO that by dividing by a, 

S log ft) , 

-jf--e|V 

with analogous expressions for ^ and 

If e, f, g are mutually perpendicular then as a rule mathe- 
matical writers prefer to express the vectors not in terms of 
e, f , g, but three vectors parallel to these and of length unity, 
viz. ; 

e f g 
e \/f .f x/g.g' 

Instead of the coefficients u, v, w of the vector 
p = «e + ?/f -f wg^ 

5, Vy and w are introduced, so that 

^ - “;7b + “vh 

u = Gy V = vjl . f, 57 = w^g . g. 

With polar co-ordinates in space, for example, the vectors 
of reference would be : 

e, ?-7,- 

r r sm 0 
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The coefficients of the gradient 


V/= 


W 


Zcf> 


'br i^bQ sin^ 6 bcj) 

= + l—K g 

br r bd r r sin 0 b(f> r sin 

then become 

V I V 

br r bff r sin 6 b(j>^ 

and the divergence 

I I fbr^ sin du bf^ sin 6v bf^ sin Ow'" 


may be written 

I /bf^ sin du br sin Ov ^ brw\ 
sin 6\ br bd bcj> /• 


The symmetry of the formulae is of course affected. 

The divergence of the gradient of a scalar function is 
written \^/ j V and becomes 


where 


I (bV/fs bs;zfge bV/ei\ 
ay\ b^ bv 2)? / 


^ bf y « 

+5^* -"rr*- 


Here e*, f*, g* are to be expressed in terms of e, f, g, 


e* == (e* . e*)e + (e* . f*)f + (e* . g*)g, etc. 

Then : 

■ , I /beau bcav ba>w\ 

In illustration, if e, f, g are mutually perpendicular then 
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and consequently 


e = (e . e)e* 
f = (I . f )f * 
»=(£:• s)s* 


(CU = 


CO 

e. e 


cov ~ 


fit) y 
f . f c)i7 


G)W = 


O) 


For polar co-ordinates in space, for example, we would 
have 


V/1 V = 


^ sin 0 


T-l sin e^) + ^(r sin e 
ilr\ IrJ ld\ 10/ 


for cylindrical co-ordinates 


+ 


I ; 

sin 0 ’ 


so that 


r = r cos + r sin <f)i + sk 
e = cos <l>i 4- sin ^|, 
f == - > sin <^i 4 - r cos <f>j, 
g = k, efg = r, 

e. e = I, f.f = f^,S‘g= I, 

f. g: = g.e=e.f = o, 


V/1 V =LAfr^ 

‘ aA ar/ 


+ 


L^ + 


aa®' 


The rotation of the vector field ] F is calculated from the 
coefficients of P with reference to fg, ge, ef ; 


P = fjg + Ase + /gef 
1 F = aA&* + mAf* + a>Ag* 


P I V = -[4 W - Vag) + - co/,e) 

CO Lof or) 
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§ 12. Rules for the Operator V 

The operator V satisfies a number of definite laws which 
we propose to set out here in detail : 

(1) V(/+^) = V/+ 

where instead of the scalar functions /"and ^ two vectors 
or two vectorial areas may be substituted and the product 
with V is to be regarded as the external product. If /“and 
£• are scalar functions we obtain a vectorial equation, if 
they are vectors an equation involving vectorial areas is 
derived, and if they are vectorial areas the equation is a 
scalar relation. The rule is also correct if in place of V its 
representation | V is substituted, and also when the factors 
on both sides are interchanged : 

(/ + ^) I V -/I V 1 V. 

It also remains true if the representation of the products is 
taken on both sides. Thus, for example, from 

V(f + g) =. VI + Vgr 

it follows by taking the representations that 

Vx(i + g:) = vxf + vx8r. 

Further : 

(2) VO^) = (v/)r +/(Vr)- 

This formula is still true if a vector or a vectorial area 
is taken instead of the scalar function and the external 
products selected in the products of the vectors or vectorial 
areas with the operator V regarded as a vector. It is, 
however,^ important to note that the formula is no longer 
correct if for y* a vector f is taken while ^ remains a 
scalar function. The correct formula in that case would 
run : 

V(%*) = (Vf)^ - f(V^), 
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which can be derived directly from 

V(A) - (V/)ff -f/(V^) 

if in this equation f is replaced by g and ^ by^ It then 
transforms into 

VCgi) = (V^)f +^(Vf). 

On the left-hand side gi may be changed into igy and on 
the right-hand side ^(Vf) into but the sign of (V^)f 

is altered when the two factors are interchanged- The 
minus sign may also be understood from the fact that 
in the second term of the right-hand side of 

VCfr) = (V% - f(V^) 

the order of the vectors V and f is interchanged, com- 
pensation being obtained by the minus sign. 

Also when two vectors f and g are introduced in place of 
/■and g the formula remains correct ; but here also a minus 
sign must be taken on the right-hand side : 

V(fg) “ (a^) ^ - Kvs). 

Of the four equations (2) which we have found in all, the 
original one where / and ^ are scalar functions is a vectorial 
equation ; the second where g is replaced by a vector is 
an equation in vectorial areas. Finally the remaining two, 
where a vectorial area is taken instead of g^ and where two 
vectors are inserted for /andg, are scalar equations. 

The equation in vectorial areas 

V(/g) - (V/)gr +/(Vg), 

by using the representations by introducing the vectorial 
product, may also be written 

V X (/S’) = (V/) X g + /(V X g). 

Likewise the two scalar equations 

VC/G) = (V/)Q -f/CVQ) 

V(S - (V«)g - 


and 
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by introducing the representation of Q (expressed by the 
symbol g) and the scalar product, may be written in the 
form 

+/Cv.sr), 

and 

V.(f = (V X f),g - f .(V X g), 

which does not however bring out the analogy between all 
the four equations so clearly. 

In place of the operator V treated as a vector, we may 
introduce its representation, the operator | V treated as a 
vectorial area. We then obtain likewise an equation for 
the product of the scalar functions f and and three 
equations derived from it, in which a vector or a vectorial 
area is inserted for one of the factors, and one equation 
in which both f and g are replaced by a vectorial area. 
Essentially, however, these equations contain nothing new, 
as can easily be shown. 

A third property of the operator V is obtained by 
external multiplication of the two operators V and | V. 
Since the one operator is to be treated as a vector the other 
as vectorial area, its external product becomes a scalar 
operator : 

V 1 V = V . V. 


Applied to a scalar function it gives the divergence of 
the gradient of f. It has been customary to represent this 
operator by the Greek letter delta : 

A. 


Referred to a self-reciprocal system i, J, k, we have : 
A — + :r"j + :^k). ( — 1 + — j + k j 

- ^ 3 ^ -51 


Referred to an arbitrary system of fixed or variable 
vectors, if the position vector r is 

r — fe + 4- ?g, 
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as has already been found, we have 


. . , I I fboau Tieisv 


'ba>w\ 


where z/, w, were defined by equation 


V/ = Me* + + Msf* = «e + 2/f + Wg. 

O'T) Os 

The expression for the scalar operator in the variables 
Vi is obtained by omitting the letter /* where it occurs 
in Uj Vy in the expression for 
By means of the operator 

A = VlV = V.V, 

applied to any function f of position, a new function of 
position A/ is derived 

We shall shortly consider the converse question whether 
if an arbitrary function of position is given as the value of 
a scalar function /is determinable. 

If the operator A is applied to a vector field s, it must 
be noticed that Vs is not to be set equal to 

(VS) 1 V 

Vs is a vectorial area, and | V is also to be treated as 
a vectorial area. Following the analogy of the formula 
derived above 

(pq) I p = (p X q) X p = (p 1 p)q - (q i p)p. 

we get in this case 

(vs) 1 V = (V 1 V)s - (s 1 V)V 

or , 

As = (V 1 V)s 

= (vs) 1 V + V(s 1 V). 

Applied to the vector s then, the operator A = V 1 V gives 
rise to the sum of two vector fields both of which are inde- 
pendent of the system of co-ordinates. The one is con- 
structed by taking the external product of the two vectorial 
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areas Vs and | and may also be written as a vectorial 
product 

(V X s) X V, 

while the other is the gradient of the divergence s | V of 
the vector field s. The case where the operator A is applied 
to a vectorial area may be reduced to that of a vector by 
introducing the complement Since A is a scalar, the com- 
plement of AP is equal to the result of operating on the 
complement of F, 

§ 13. Application to Gravitational Potential 

The gravitational potential of matter distributed through- 
out space with a certain finite density p, may be expressed 
in the form of a volume integral. 



where dr is the element of volume, p the density at the 
point in question, and r the distance of this point from the 
point P at which the potential is to be evaluated. In this 
the gravitation constant is taken as i. The integral is to 
be extended to all elements of space at which matter exists. 
We will assume that it is limited to a finite portion of space. 
Let the integral 



be set equal to which is therefore a scalar function of 
position, and the gravitational potential at the point P will 
be - ^ If the point P at which we imagine the unit mass 
concentrated is moved a distance dr^ then the change in 
potential is equal to the scalar product 

- V/- dr. 

The sign of this expression indicates when it is positive 
that work is expended in order to cause the displacement 
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against the attractive force, and when it is negative that 
work is gained during the translation. 

The field of force is therefore given by : 

V/ 

Inserting the value for ywe find 

V/= I pV = - J 

where r represents the vector leading from the material 
particle p^r to the point considered For the gradient 
is composed of the sum of the gradients of each separate 
element 

r 

and in order to obtain the gradient of the latter, since pdr 
is constant, it is merely necessary to construct 



But has the direction of r and the length unity and 

is therefore equal to The field of force is given by means 

of this formula both for points inside and for points outside 
the matter. 

Let us now integrate the vector over the boundary of 
an arbitrary volume ; by changing the order of integration, 
we find : 

Jv/fQ = - J P I j^} 

The inner integral is to be carried through for every 
point of the attractive matter. Now J rdQ. is equal to the 
volume of a cone whose vertex is at the particle of matter 
and whose base is reckoned negative or positive accord- 
ing as the particle lies on the positive or on the negative 
side of dH, 
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Thus J is equal to volume of the cone reduced to unit 


dimensions, taken positive if when viewed from the particle 
the negative side of dG is seen, that is the outward turned 
side of dG. Now if the particle lies outside the space over 
which the integral 


f r^Q 

J ^ 


is extended, then each indefinitely narrow cone proceeding 
outwards from it either does not meet the boundary of the 
space considered at all or in as many elements dG of the 
one type as of the other, so that their total contribution 
will be zero. In this case, therefore, the integral will be 
zero. If, on the other hand, the particle lies inside the 
volume, then each of these cones will meet the boundary in 
one element dG to be reckoned negative, or in addition in 
as many more positive as negative elements dG. 
Accordingly the total value of the integral 

I r r^Q 

iJ ^ 

in this case is equal to the volume of the sphere of unit 
radius taken negatively 

*i fr^Q 4 

== " 3 ^' 

Inserting this value for the inner integral, we get 

J VjdG = 47r Jpdr, 

where on the right only those material particles enter into 
the calculation which lie inside the region over whose 
boundary the integral on the left-hand side is taken. 

In other words, 

is equal to the quantity of matter present within the region 
over whose boundary the integration is effected. 
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If the integral is transformed by means of formula (3), 
§ 8, into a volume integral then we also have 


- - f 


where both integrals are taken over the same arbitrary 
region. 

Hence we must have ; 




47r 


P* 


For if at any point - ^ were different from p, the 

4'7r 

region of integration could be so restricted that the integrals 
of the two quantities would also be different. 

Wherever p = o, there must A/' = o also. 

The scalar function 

/= 

consequently, by deriving the divergence of the vector field 
obtained from its gradient, leads to a scalar function which 
differs from the density p merely by a constant factor 
- 477. This physical picture expresses in a striking manner 
the result already derived mathematically that A/is a scalar 
function of position. But it contains more than this. It 
shows us, in fact, that if conversely A/is a given function of 
position, a scalar function yean then be found. It is merely 
necessary to imagine matter distributed throughout space 
with density p assurned equal to 



It is not necessary in this that p be positive. Negative 
values of p would correspond to matter of such a nature, 
that the force between it and matter of positive density 
would not be attractive but repulsive. From p, a function 
of position, the scalar function yis then constructed: 

9 
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The physical picture gives no indication, of course, whether 
other functions of position f may exist for which A/^is the 
same function of position as A/: If a scalar product r. a 
of the position vector r with an arbitrary constant vector a 
is added to^; then merely the constant vector a would be 
added to the field of force and consequently nothing 
would be affected in A/" = sls is also obvious 

physically. Apart from this, however, are there also other 
types of scalar function f?. 

To investigate this question let us construct the differ- 
ence 

u =/-/ 

between two scalar functions both of which are presumed to 
lead to the same p. Then \ V must vanish over the 
whole region. The question is now, what can be concluded 
as regards the quantity u ? 

Consider the vector field The divergence of this 

vector field, t^u ] V or, as we may alsow rite it, V | (u"Vu) 
or \7(u I V«), is, from what has been done before, 

u^u 1 V = V(^ I Sju) 

= V« 1 + ^(V 1 V^)- 

V 1 1 V = o 

uVu 1 V = 'Vu [ 

From formula ( 2 ), § 8, by introducing the vector tiSJu in 
place of p we derive for the volume integral of ] V« : 

1 =5 j(uS7u) I = - JuVudG. 

Taking the surface integral over the boundary of a sphere 
of very large radius / about a point O as centre, and assum- 
ing that f and f and therefore that u become small of the 
order of i// as / increases, then the numerical value of 
becomes of the order of ijP and that of of the order of 
I jP, Since, however, the surface of the sphere is of the 
order the integral is of the order i //, that is, it becomes 
indefinitely small with increasing /, 


Now 
so that 
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lai 


From this it is clear that 

1 

must be zero over the whole region. For it can never be 
negative being the square of the numerical value of TJu, 
If at any point it differed from zero, the volume integral 

1 ^udr 

extended over a sufficiently large sphere could not become 
arbitrarily small. 

From V« j 'S7u — o 

it follows that 

=* o, 

and hence 

du ~ = o 

i.e. u — constant. 


If it is required that the function sought for shall be of 
the order i// at great distances /, then there is one and only 
one such function for which A/ is a prescribed function of 
position. In other words, with this limitation the passage 
from an arbitrary function of position f to the position 
function l^f is uniquely reversible and given by 


/= - 


47rJ r 


§ 14. Green’s Theorem 

If y is a scalar function and p a vector field then, as we 
have already found, 

/P 1 V = V ./P 

= V/. p +/V. P, 

so that on using the transformation theorem ( 2 ), § 8, 

J /pdfQ + J V/. P^^T + J /V • = o. 

If for p we put the gradient of a scalar function g, then ; 

j/VgdQ + j V/. Vgdr + j/Agdr = o. 
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Interchanging /and g in this equation and subtracting the 
new equation from the original one, we find : 

/(/V^ - g^f)dQ. + /(/A^ - ^A/yr = o. 

This is termed Green’s Theorem. We propose to use it by 
inserting in it a function f which throughout the whole 
region of integration satisfies the condition : 

A/ = o. 

We then have 


/(/V^ - + J/As-dr = o, 

where ^ is arbitrary. 

The problem now proposed is to calculate the value of/* 
at any point P inside the region of integration when /and 
V /are given on the boundary. 

To this end suppose P enclosed in an exceedingly small 
space of volume e and let us choose A^ so that inside this 
small space it has the constant value - while it vanishes 

at all other points of the region. The integral 

j/Agdr 


merely requires to be extended over the small volume and 
is equal to 





where /is the mean value of /in the small region. 

If it be assumed that /is a continuous function of position, 
then 

jfdr = fe, 

and the mean value /differs by as little as we please from 
the actual value at the point P, if e be assumed small 
enough. 

Now for ^ we may write : 


The small region about P can now be made to shrink, while 
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at the same time p is allowed so to increase that the rela- 
tion 


= I 

remains continuously satisfied. 
Then 


jf^gdr 

transforms into - 4?^ 

and £ becomes -> 
r 

where r is the distance of the point P ; accordingly 


j[/v(i) - iv/]^a - 4,r/p = O. 


The value of the function f at the point P may be ex- 
pressed as an integral over the boundary of the original 
region of integration, capable of being evaluated as soon as 
/*and '^are given over the boundary. 

If g were put equal to 


where is a scalar function which satisfies the condition 

Ari = o 

everywhere within the field of integration, then 
/(/v^ - gVf)dQ. 

would have the same value as for^ before 

the value of jTp would be calculable by means of the in- 
tegral 

/p = - £rVf)dG. 

It is to be noted that outside the region of integration Agi 
could assume any arbitrary value, provided always Ag^ — o 
inside the region. 
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If the values of outside the region of integration can 
be so chosen that along its boundary g is constant, then the 
calculation of is much simplified, for it reduces to 

/p = 

and the values of /‘alone, and no longer v f also, suffice to 
evaluate fy. For the second part of the integral becomes 



and according to formula ( 2 ), § 8, 

- lv/dQ = I A/dTr, 
which vanishes on account of the condition 

A/« o. 

In illustration suppose it is required to evaluate a function 
fat a point P inside a sphere of radius a from a knowledge of 
the values on the boundary of the sphere; we derive the 
function g in the following manner. Let the vector leading 
from the centre M in the direction of P to a point A on the 
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surface of the sphere be a, and Xa where X<i be the vector 

from the centre M to P, then the vector -ia passes out 

through the sphere to a point Q (fig. 27). Further, let b be 
the vector from M to a point B on the sphere, then 


PB® = (b - Xa) . (b - Xa) = a . a - 2Xa . b + X®a . a 

QB^ = (b - ^a) . (b - = a.a-j(a.b + >7a.a, 
since b . b = a . a. 

Hence PB* = X^"^® 

If we set 



where r is the distance of P and the distance of Q, then 
g- will vanish on the surface of the sphere. represents 

the field of force of an attractive mass i at P and a repel- 
ling mass - at Q. Ag' will vanish everywhere except at 

the two points themselves, and - A will vanish every- 
where inside the sphere. 

Accordingly : 


§ 15. The Relation Connecting a Vector Field 
WITH ITS Spin 

In the foregoing we have considered the transition from 
an arbitrary vector field f to the vector field which we have 
termed the spin or rotor of f , viz. : 

gr = V X f. 

We propose now to investigate the converse problem 
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whether to a given vector field g, there can be found a vector 
field f such that : 

Sr = V X i 

For this purpose let us form 

srxv = (vx*)xv 

= (V 1 V)< - v(f I V) 

and associate with the required vector field f the additional 
condition, in the first instance, that its divergence 

* 1 V 

shall be zero. 

Then we have : 

S V = (v 1 v)<- 

The previously derived scalar equation 


/« - 


I 

47r 


J (V I V)/ 


may now be extended at once to the vector equation 


f = 


I 

47r 




since it holds for every coefficient of the vector if the latter 
is derived numerically from three fixed vectors. Inserting 
in this the expression ^ x place of (v i VX we find 


f 


I 

47r J 


fV X g 




dr. 


If the vector field f does not satisfy the condition that the 
divergence f ] V vanishes, but if this divergence is known, 
then we can determine a scalar function u such that if the 
gradient of u is added to f, the divergence of the field f so 
originated 

f = f 4 . 


vanishes, 


(f + V^) I V = o. 


v« 1 V = - * I V; 


or 
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thus 


u 


pi V 


47r J r 


dr . 


Then, as we have already shown, f can be found. For 
we have 


and therefore 


and 


gr = V X (f “ 

- V X f, 

- — f dr 

47r J r 

I fV X 7 , 

= — 

4'7r J r 


In other words, if in a vector field f the rotor g: = V ^ 
and the divergence f | V is given, then f is calculable by the 
above method 

We have already mentioned that if f is the velocity vector 
of an incompressible fluid, the rotor represents twice the 
angular rotation. In this case the divergence of f is zero 
and consequently : 


f 


jL f v ^ g 
477 J r 


dr . 


The rotor field which is derived from the velocity field by 
the operation V x ^ determines also, conversely, the velocity 
field, and in fact f is derived in a similar manner from V x g 
the rotor of the rotor just as a scalar function from the 
divergence of the field of its gradient 

If the divergence of the vector field f is not zero then in 
deriving f from the rotor of the rotor another gradient enters 
which is determined from the divergence of f. 


§ 1 6. Scalar Potential, Vector Potential, and 
Vectorial Area Potential 

Besides the integral 
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by means of which, as we have just sera, the gravitational 
potential of a distribution of matter in*" space is expressed, 
two other integrals occur in many branches of physics which 
are of similar form, with this difference, that in place of the 
scalar function p there is a vector p or a vectorial area P 
dependent on the position of the element dr. It is worth 
while dealing with all three integrals together : 

In all three r stands for the distance of the element dr from 
a point A, and all three are functions of the position of A, 
the first being a scalar function, the second a vector, and the 
third a vectorial area. In the three integrals r only depends 
on the position of A, the other quantities p, p, P depending 
only on the position of the volume element dr, not on the 
position of A. From the three integrals f, F we determine 
the three new integrals : 

/[ V, < 1 V, F 1 V ; 

/I V = //’(^ 1 v)^^T, 

< 1 V = /p(i 1 V)^r, 

F 1 V = /P(p i V)^T, 
where for — ] Vj the complement of 

a 


may be written, if r is the vector leading from the point A 
to the element dr. j V is the complement of the force k : 




with which the unit particle at A is attracted by the -mass 
distributed in space (as before the gravitation constant is 
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taken equal to unity). For f | V and F [ V also we pro- 
pose to treat two examples having a physical interpretation. 
We have 


and 



p.r 



P I r 


If the representation of P is p, then we may write p x r 
for P I r, and accordingly : 



F I V - 


If p^T is the magnetic moment of the element dr, then 

- <^7- is the magnetic potential at the point A, so that 

- f 1 V is the magnetic potential if p denotes the magnetic 

moment per unit volume. - — dr is the magnetic field 

strength which is set up by a steady elementary current pdr 
at the point A Hence - f | V is the magnetic field 
strength when p denotes the current strength per unit volume 
which is distributed over the region. 

The distance r may equally be regarded as the position 
function of the position of A as the position function of the 
element dr. In the former case we found 



In the second case let V denote the corresponding operator. 
Then : 
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terminal points of the vector r interchange 
roles if V IS taken in place of V, it follows that r is to be 
changed into - r. Accordingly in the integrals for 

/Iv, fly, F|V 


we may replace - 


V by - - ^ and we get 


Now 


/IV- 

<lv - -|p{i|^)*, 


and analogously 


>ek)- 


<11 

1 

1 

V), 

— T 

<] 

1 

1 » 

V), 

V - - (P 
r 

1 V). 


It follows that each integral may be expressed as the dif- 
ference of two integrals, for example : 

fp I V 


/I V - 1' 


” dr 


- I V^r. 


In the other two cases instead of p, p or P are to be written. 
Thyntegrals are to be taken throughout the whole region. 

^ that if the integration is 

S nhr ^ ^ T approximation may 

accuracy. The second integral^ 
foregoing theorems, may be transformed into an 
fS SnS? of the region and we would find. 


/ I V = {^-^dT -1. Pwn 
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We will assume further, that the functions p, p, P become 
so small at all points sufficiently far distant, that the surface 
integrals 

become arbitrarily small for a sufficiently large region of 
integration. In effect this merely requires that p, p, P shall 

be of a higher order of smallness than “ at great distances. 
On this assumption it follows that : 



Each of these three integrals may therefore be expressed in 
dual form. The second form is the same as those of the 
integrals^ f, F themselves in which the first power of occurs 
in the denominator, and a function of the position of the 
element dr in the numerator independent of the position of A. 

The magnetic field strength - F | V of a current of 
density | P ~ p distributed over the region is also capable 
of being thrown into the form 

and the magnetic potential in the form 

If P and p are complements of each other then the integrals 
P and f are also complements of each other. Hence 
instead of f ] V we may write | F j V? or what is the same, 
FV, or even VF and instead of F | V we may write the 
complement of fV, or what is the same, - V ^ t 
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Similarly under the sign of integration we may replace 
p I ^ by VP» and P [ V by — V x P- 
Accordingly 

v.t- 

or 

VF- 

and 



CHAPTER III 

TENSORS 

§ I. The Affine Transformation of Space 

L et a, b, c be three mutually independent vectors so 
that an arbitraiy vector r may be derived numerically 
from them : 

r =s XSL + yh + zc. 

Suppose the vector r drawn from a fixed point O to a vari- 
able point R so that the coefficients x, y, z of the vector 
simultaneously provide the co-ordinates of the point R 
referred to the unit vectors a, b, c. 

Now imagine a space transformation such that the point 
O remains fixed, but the point R transforms into a new 
point R'. This will be reached from the point O by the 
vector 

r' === -I- jj/f 4- 

where x^ z are the same coefficients as in the expression 
for r in terms of a, b, c, and e, f, g are three numerically 
independent vectors otherwise quite arbitrary. 

This is described as an affine transformation of space. 
The vector joining a point R to any other point S is con- 
nected with the vector joining R' to S', the points into 
which R and S are ta-ansformed, in the same way as r is 
connected with r'. 

For if the vectors OR and OS are denoted by 

jtr^a 4- y^ 4- z^o 
x^ 4- y^ 4- z^G^ 

^43 


and 
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then RS = OS - OR is expressed by 

(Xg — + (jys — + (.^s “ ^r)^y 

and in analogous manner R'S' is expressed by 

(Xs -x;)& + Os - 

i.e. the same coefficients that derive RS from a, b, c derive 
R'S' from e, f, g, or as we may state it otherwise, in an affine 
transformation of space a vector derived numerically from 
a, b, c is transformed into a vector derived numerically from 
S hy the same coefficients. Four points P, Q, R, S, 
determining a parallelogram, must after transformation again 
determine a parallelogram. For if the same vector joins P 
to Q as joins R to S, then the transformed vector must 
simultaneously join P' to Q' and R' to S'. More generally 
we may say, if p^, pg, . . . pn are any system of vectors among 
which a vector equation 

^iPi + ^2P2 + . . . + a^pn = o 
holds, then the same vector equation 

+ . . . 4- anPn = O 

must hold between the transformed vectors p^', Pa' . . . pj. 
For if pi, p2, . . . P« are expressed in terms of a, b, c then 
the vector equation in a, b, c must be identically satisfied, 
since it ,has been assumed that a, b, c are numerically 
independent of each other. It is consequently also satisfied 
if a, b, c are replaced by e, f, g, that is to say, when we pass 
to the transformed vector equation. 

If in particular two distances have the same direction but 
any arbitrary ratio of lengths the transformed distances will 
continue to have identical directions and bear the same ratio 
in lengths- For if pj and pg are the vectors in question with 
the same direction and if the ratio of their lengths is then 

Pi == ^P 2 

and the same equation, must hold between the transformed 
vectors. Three points which initially lie in a straight line 
must remain in a straight line after transformation, and the 
ratio of the parts must remain unaltered. 
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Four points in a plane must after transformation remain 
in a plane. If from any one of the four points, three vectors 
Pi> P2J Pz drawn to the remaining- points, then 

Ps ” ^iPl ^2p2> 

and this relation holds also for the transformed points, i.e. 
if the first point is chosen as the origin of a co-ordinate system 
and Pi and pg are made unit vectors leading to two of the 
other points, then and are the co-ordinates of the last 
point of the system (fig. 28). If the same construction is 
carried through for the transformed points, then the co- 
ordinates in the transformed system remain the same. The 
parallels which are drawn through the fourth point, to the 
lines joining the first point to the second and third, cut off 
on these lines lengths whose 
ratios to the connecting lines 
^ remain unaltered by the trans- 
formation. 

An analogous construction 
may be conducted in space. 

Consider five points. Let one 
be chosen as origin and draw 
vectors pi, pg, P3, P4 to the remaining four points, where 
Pn P2> Ps assumed initially to be independent of each 
other. Then 

P4 = ^Pl + <^ 2 P 2 + ^zPz 

and are the co-ordinates of the fifth point in a 

system whose origin lies in one point and whose unit vectors 
join the origin to the second, third, and fourth points. The 
same construction with the transformed points leads to the 
same co-ordinates a^y of the transformed fifth point in 

the transformed system. 

We may construct a picture of the transformation if we 
imagine a lattice work constructed from any three mutually 
independent vectors radiating from a fixed point O. In the 
transformation this lattice work is transformed into another 
in which each cell of the first corresponds to a cell of the 
second. The position of a point in a cell may be supposed 
zo 


4^24 
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specified by planes passing through it parallel to the sides 
of the cell, and intersecting the edges of the cell. The ratio 
of the segments to the lengths of the edges determine the 
position of the point. These ratios, however, remain unaltered 
during the transformation. In particular we may consider 
the space-lattice of the vectors a, b, c with which the definition 
of the affine transformation was originally associated. Its 
space-lattice transforms into that of the vectors e, f, g, and 
the vectorial equation 

r = + jyb + sc 

between the vectors r, a, b, c holds likewise between the 
transformed vectors 

r' ^ jtre + ^ + sg, 

the coefficients ;ir, j/, s being unaffected. We term r' a vector 
function of the variable vector r. 

By a*, b*, c* we denote as before the vectors reciprocal 
to the vectors a, b, c, so that 

« bxc,^ cxa ^ axb 

abc abc abc 

and let us construct the expression 

e(a* . I) +■ f(b^ , 1) + g(c* . 1), 

where 1 denotes any vector whatever. We may then say 
that this expression represents the affine transformation. 
For if in place of 1 the vector a is inserted, the terms a . b* 
and a . c* vanish, while a . a* — i. It therefore reduces to 
e, and similarly f and g are derived when b and c are inserted. 
If now the vector 

r ;ira + j/h + sc 
is introduced in place of 1, the sum 

ear + fy + gs 

is derived, that is to say the vector r' results. 

The expression 

T - <a* . 1) + fCb* . 1) + g(c* . 1), 
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for reasons to be explained later, we term a ‘‘Tensor” and 
denote it by the letter T. 

For simplification in writing, the complete form of the 
expression will be dropped and we will merely write 

T = ea* + fb* + gc* 

where, however, it must be remarked that the second factors 
a*, b*, c* stand in place of a* . 1, b* . I, c* . 1, that is by in- 
serting r they lead to the coefficients, a* . r, b* . r, c* . r. 
For any particular form of requirement that T may have to 
satisfy, it is always possible if necessary to return to the 
complete expression. It is evident, that the order of the 
three terms in T may be arbitrarily altered without chang- 
ing in any way the full expression which we call T . r. Every 
term, moreover, may be broken up into the sum of an 
arbitrary number of other terms. For example, 

if a* = p + q 

ea* = e(p 4- q) = e[I . (p + q)] 

« e(l . p) + e(l . q) 

= ep + eq, 

or if e =* p' + q' 

ea* = (p + q'X^.a*) - p'(l.a*) + q' (1 . a*) 

= pa* + q'a*, 

or else simultaneously 

ea* = (p' + q')(p + q) « p p + q'p + p q -f q'q. 

If now the second factor in each of the terms denote ex- 
pressions I . p, 1 . q, then T , r retains its value r . If 
a* “ mpy the numerical factor m may also be associated 
with e 

ea* = e(^;^p) = (we)p, 

without T . r undergoing any change. 

In this manner, instead of a*, b*, c*, three other mutually 
independent vectors o, p, q may be introduced by inserting 
for a*, b* c* the expression obtained by deriving them 
numerically from o, p, q. If the nine terms that arise are 
then arranged in the sequence o, p, q we have three terms 
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associated with o as a second factor which may again be 
combined into the one term 

uo 


when o is taken outside the bracket Similar expressions 
are derived for p and q so that T assumes the form 

T = uo + vp + wq. 


Here u, v, w are the vectors which arise when the vectors 
reciprocal to o, p, q are changed by the transformation T. 
It appears then that the terms ea*, fb*, gc* may be dealt 
with as far as the distributive law is concerned in the ex- 
pression for T as if they were products, except that the 
factors must not be interchanged, for unlike the case of 
scalar or of vectorial products of two vectors, two totally 
different results would be obtained. The same transforma- 
tion T may be represented as the sum of three or more than 
three terms uo in a number of ways. As soon, however, 
as three definite independent vectors are introduced for the 
second factor of each term, from which vectors the second 
factors are numerically derivable, then the first factors also 
transform into three definite vectors, namely, into the three 
vectors which arise when the reciprocal vectors of the 
original are transformed. Let there be two different ex- 
pressions for T : 


and 


T = uo + vp + wq 
T = u'p' + v'q' + . . . 


where the second expression may have more than three 
terms, and let a vectorial area be derived from both expres- 
sions by regarding the products uo, u'p', etc., as the ex- 
ternal products of vectors, then in both cases the same 
vectorial area must originate. 

For if in the expression 

up' + v'q' + . , . 

p', q' are expressed in terms of o, p, q and the brackets re- 
moved according to the distributive law, then, as we have 
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seen above, on arranging according to the sequence o, p, q, 
the expression : ' 

uo + vp + wq 

must arise, where u, v, w are uniquely determined as the 
vectors to which o*, p*, q*, i.e. to which the vectors re- 
ciprocal to o, p, q, are changed by the transformation. But 
all these operations are equally valid when we deal with the 
external products of two vectors. Hence the vectorial 
area 

u'p + Vq' + . . . 
must be equal to the vectorial area 
uo + vp + wq. 

If, on the other hand, two scalar quantities are derived 
from the two expressions by replacing the products 
uo, up', etc,, by the scalar products u . o, u'. p', etc., these 
two scalars are also equal. For the operations by means 
of which the two expressions are transformed into each other 
are valid also for scalar products, and consequently the 
value 

u' . p' + v' . q' + . . . 
must be equal to the value 

u . o 4- V • p + w • q. 

This value, as with the vectorial area 
uo 4- vp + wq, 

must have a geometrical interpretation for the transforma- 
tion, which will explain why both are independent of the 
form of expression of the transformation. A closer in- 
vestigation of the transformation will reveal the interpreta- 
tion. 


§ 2. Conjugate Tensors 

If the factors are interchanged in every term, in general 
the transformation will be changed. For example 

ou 4- pv 4- qw 
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will not represent the same transformation as 
T « uo + vp + wq. 


The one changes the vectors reciprocal to o, p, q into 
u, V, w, while the other changes those reciprocal to u, v, w 
into o, p, q. 

These two transformations, and likewise the two tensors, 
are referred to as being “ conjugate ” to one another, and 
we write 

T = ou -h pv + qw, 

if we put 


T — uo + vp + wq. 


In general T and T are different from each other. The 
special case may arise where the two conjugate transforma- 
tions become identical. Such tensors constitute a very 
special class which must receive special investigation, and, 
as we shall see later, has its own particular applications. 
They are termed symmetrical tensors. 

If a tensor 

T — uo + vp + wq 

with a vector r, leads to a new vector 

u(o . r) + v(p . r) + w(q . r), 

then this is denoted by T . r or T ] r. 

Since \ r denotes a vectorial area R, we may also write at 
once : 

T . r = TR = u(oR) + v(pR) + w(qR). 

In other words, it is immaterial whether we construct the 
scalar products with the vector r or the external products 
with the representation R. As will become clear in later 
applications it is well to have recourse to both possibilities. 

The scalar product of the transformed vector T . r with 
the vector r is equal to : 

<T . r) . r « (u . rXo . r) + (v . r)(p , r) + (w . r)(q . r). 
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same scalar function is derived from the scalar product 

(T.r).r: 

(T . r) . r « (o . r)(u . r) + (p . r)(v. r) + (q . r)(w . r). 

Since no confusion need be feared we will omit the bracket 
in the expression : 

(T.r).r. 

Let us now construct the gradient of this scalar function, 
noting that the gradient of the scalar product of a constant 
vector with a variable position vector r is equal to the con- 
stant vector. For the gradient of a scalar function f\s de- 
fined by the equation 

df ^ V/. dt. 



and also 

d{Q . r) = c . ^r, 

so that V(c . r) — c 

and V(u . r)(o . r) = u(o . r) + (u . r)o. 

Consequently the gradient of T , r . r, or what is the same, 
the gradient of T . r < r is equal to 

u(o . r) + (u . r)o + v(p. r) + (v. r)p + w(q . r) + 

(w . r) q, 

Le. ^ _ 

VCT.r. r) - V(T.r.r) = T.r + T.r. 
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If the scalar function T. r. r is set equal to a constant, 
we have the equation to a surface of the second degree. 
For this purpose we must suppose r set off from the origin 
O in each direction leading to a point on the surface and of 
the length demanded by the constant. The gradient is 
then at right angles to the surface at the point considered. 
The scalar product of the gradient with r gives 

V(T.r.r).r = T.r.r +T.r. r = 2T.r. r, 

i.e. at all points on the surface the scalar product of the 
gradient with r has the same value. Now the scalar pro- 
duct equals the length of the gradient multiplied by the 
projection of r upon it. It follows that the length of the 
gradient must be inversely proportional to the distance of 
the point O from the tangent plane (fig. 29). 

§ 3. Vectors which Transform into Themselves 

To examine the properties of the transformation T 
it is proposed to consider whether there exist vectors 
r which on transformation merely reappear multiplied by 
a number X, so that : 

r' = 

The vectors o*, p*, q*, reciprocal to o, p, q, become on 
transformation u, v, w. Hence if r is derived numerically 
from 0*5 p^, q* 

r = o*(r . o) + p*(r. p) + q*(r . q), 

we get 

r' = T . r == u(r , o) + v(r . p) + w(r . q). 

The question is whether there are any vectors r for which 

X[o*(r , o) + p*(r . p) + q*(r . q)] 

= u(r . o) + v(r . p) + w(r , q), 

or what amounts to the same thing, 

C5u>*-uXr.o) + (Xp*-vXr.p) + (\q*-wXr.q) = o. 



VECTORS WHICH TRANSFORM 15S 

Since, on account of the assumed independence of o, p, q, 
the three coefficients r. o, r . p, and r. q cannot all vanish, 
this equation establishes a relation between the three 
vectors : 

Xo* - u, Xp^ - V, Xq* - w. 

From such a relation, however, it follows that the external 
product of these three vectors must be zero. Expanding 
the external product in powers of X, an equation of the 
third degree in X is derived : 

o*p*q*X® - (p*q*u + q*o*v -f o*p*w)X^ 

+ (o*vw -f p*wu -f q*uv)X - uvw = o, 

or dividing by o*p*q*, returning to the vectors o, p, q in 
the second term and introducing the vectors u*, v*, w* 
reciprocal to u, v, w in the third term, 

X® - (o . u -f- p . V + qw)X2 

+ [(o* . u* + p* . V* + q* . w*)X - r] = o. 

We note that the coefficients of this equation are composed 
of the three expressions : 

o.u-f-p.v + q.w, 
o* . u* + p* . V* + q . w* 
uvw 
o*p*q*‘ 

Of these three expressions the first has already been met 
with, for it arose from the transformation 

T = uo + vp + wq 

when the three terms were replaced by the scalar products. 
The second expression originated in a like manner from 
the transformation : 

T* = o*u* + p*v* + q*w*. 

This transformation changes the vectors u, v, w into 
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o*y p*, q*, that is, reverses the transformation T. The 
third expression is the ratio of the volumes of the two 
parallelepiped uvw and o*p*q* which are changed into 
each other by the transformations T and T*. 

uvw 

o*p*q* = («vw)(opq). 

Moreover, this expression must be independent of the 
choice of the three vectors, o, p, q. The quotient which 
has any arbitrary volume as numerator, and the same 
region transformed as denominator, always retains the 
same value. 

If X is a real root of the equation and is inserted in 
the expressions 

Xx>* - u, Xp* - V, Xq* - w, 

then since the external product of these three vectors 
vanishes, they are mutually dependent, and since the relation 
between them is represented by a vectorial equation, the 
ratios of r . o, r . p, r . q are given by the coefficients, and 
they provide, to an arbitrary factor of proportionality, 
the coefficients of the required vector r referred to the 
vectors o*, p*, q*. The proportionality factor must remain 
arbitrary, for if the vector r has the desired property that 
it transforms into Xr, then an arbitrary positive or negative 
multiple of r possesses the same property. 

As we have already remarked, the three vectors o, p, q 
may be arbitrarily selected, provided they are mutually 
independent. We will assume that they constitute a right- 
handed orthogonal system and are each of unit length. 
The reciprocal vectors o*, p* q"^ are then identical with 
o, p, q and opq = i. 

Three vectors possessing these characteristics will be 
denoted by the letters i, j, k. The equation of the third 
d^ree in X may then be written directly in the form : 

X® - (u. i V. j + w. k)X® 

+ uvH^Cu'^ , i + V* j +w* . k)X - i] - 6. 
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§ 4. Rotation Tensors 

If the transformation consists of a rotation about an 
axis passing through O, then u, v, w must also be a right- 
handed orthogonal system, each member being of unit 
length. The reciprocal vectors u* v*, w* are also then 
identical with u, v, w and uvw = i . 

Consequently we will denote them by i', J', k'. The 
equation of the third degree in X then assumes the form : 

+ i'.i-h kf.icXX^-X')- i = o. 

One root is evidently \ i. The corresponding vector 
r will therefore remain unaltered by the transformation, i.e. 
it must lie along the axis of rotation. The ratios of the 
coefficients (r . i), (r . J), (r . k) of such a vector we derive 
from the vector equation : 

(i-0(r,i) + (j-n(r. j) + (k~kO(r.k) = o. 

In point of fact, i - f may be represented by the line 
joining the end point of i to that of i', if both are drawn 
from the point O- The vector i - i is thus perpendicular 
to the axis of rotation, and a similar argument applies 
to j - j' and k - k'. All three are therefore parallel to 
the same plane and consequently mutually dependent. 

We can simplify the solution by assuming i to lie in 
the axis of rotation. Then i' = i, and j, k, j', k' are parallel 
to the same plane. 

Moreover 

i . i' = I, j . j' = k . k' = cos 0, 

where 0 represents the angle of rotation (fig. 30). Hence 
we obtain 

i' . i + i' . j + k' . k = I + 2 cos 0. 

Since the sum of the scalar products, as we saw above, 
always has the same value irrespective of the form in 
which the transformation may be given, this provides a 
simple method of calculating the angle of rotation 0, It 
is merely necessary to regard all the terms in the expression 



156 


VECTOR ANALYSIS 


for the transformation as scalar products of the two factors, 
and the sum is the value of i + 2 cos 6 , 

The axis of rotation may be determined in a similar 
manner. We have just seen that the vectorial area, derived 
by regarding all the terms in the expression for the trans- 
formation as external products of the two factors, always 
remains the same irrespective of the form adopted by the 
expression for the transformation. The geometrical inter- 
pretation of the vectorial area may consequently be found 
by assuming i again to lie in the axis of rotation. Then 

i'i == o and j'j ~ k'k, 





the latter being a vectorial area perpendicular to the axis 
of rotation of numerical value equal to sin 0 and whose sense 
for ^ < 1 8o” is opposite to the direction of rotation. (Cf. 
fig- 30-) If we interchange the order of the factors, the 
sense coincides with the direction of rotation. The vectorial 
area 

ou + pv + qw 

represents the rotational transformation irrespective of the 
choice of o, p, q, in so far as this vectorial area stands per- 
pendicularly to the axis of rotation ; its sense is the sense of 
the rotation and its numerical value is equal to 2 sin 
where 0 is the angle of rotation taken smaller than 180®. 

There is indicated, then, the existence of a special rota- 
tion transformation such that eveiy self-reciprocal system of 
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three vectors is transformed into another self-reciprocal 
system of the same sense. The conjugate transformation 
derived according to our previous definition by interchang- 
ing the factors in each term is again a rotational transforma- 
tion. It changes the second system back again into the 
first. If the conjugate transformation is applied to r , we 
must derive r from it again. This is not always the case 
with other transformations. For if a transformation changes 
a self-reciprocal system i, j, k into a system u, v, w, then 
the conjugate transformation changes u*, v*, w* — the 
system reciprocal to u, v, w — into i, j, k. Accordingly, the 
conjugate transformation can only reverse the previous one 
if u*, V*, w* is identical with u, v, w. 

If this is the case, and if in addition u» v, w is a system 
with the same ‘‘sense'' as i, j, k, then the transformation is 
a rotatioa If, however, u^, v*, w* is identical with u, v, 
w, but the “ sense ” of the system u, v, w is opposite to 
that of i, I, k, then the case is not that of a simple rotational 
transformation. It can be replaced, however, by a rota- 
tional transformation combined with an “ inversion.” By 
“ inversion is meant a transformation which changes r into 
- r, that is, it corresponds to rotation in the opposite 
direction. If we have two transformations which reverse 
each other, which are in fact “ reciprocal to each other,” we 
may say that the rotational transformations and those com- 
bined with inversion have, of all transformations, the special 
property that the conjugate transformation is also always 
the reciprocal transformation. (The inversion itself is to be 
included.) 

§ 5. Self-Conjugate or Symmetrical Tensors 

Associated with these consider yet another class of trans- 
formation characterised by the requirement that each tensor 
T is identical with its conjugate T, 

As we found above, the gradient of the scalar function 
T . r . r or what is the same T , r . r equals : 


T.r -f T.r, 



158 


VECTOR ANALYSIS 


If then 

T . r « f . r, 

the transformation of r equals half the gradient of the scalar 
function T . r . r, 

T,r = 4V(T.r.r). 

The vectors r, from which T . r differs only by a constant 
factor X, must therefore lie in the direction of the principal 
axis of the surface of the second order, 

T . r . r = constant, 

where r is presumed drawn from O in order to reach the 
points on the surface. For the principal axes give the 
points on the surface where the gradient coincides with the 
direction of the radius vector. The roots of the equation 
of the third degree in X must then have three real roots Xi, 
X^, X3, and to these there correspond three mutually per- 
pendicular vectors of arbitrary length which on trans- 
formation are multiplied by the factors X^, Xg, Xg. If a 
self-reciprocal system of vectors i, j, k is set up with these 
directions, then 

u = Xii, V « Xgj, w *= Xgk, 
and consequently 

T = Xiii + XaJj + Xgkk. 

The cells of the cubical lattice work formed from i, j, k 
are transformed into rectangular parallelepipeds whose edges 
are parallel to those of the cubical cells. If \y Xg, X3 are all 
three positive, the transformation of the space consists of 
a contraction (X < i) or expansion (X> i) of that space in 
the three mutually perpendicular directions. With negative 
values of X there is in addition to the contraction or expan- 
sion in the corresponding direction a mirroring in a plane at 
right angles and passing through O. 

We have presumed that the properties of the principal 
axes of a surface of the second degree are known. These 
may be investigated in terms of the notation developed for 
vector analysis in the following manner : 
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Let us imagine the various vectors r of length unity set 
off from the point O so that their end points lie on the sur- 
face of a sphere. Suppose each surface point covered by 
the value of the scalar function f — T . r . r where r is the 
vector to that point. The scalar function is finite and con- 
tinuous over the surface of the sphere and must therefore 
attain its highest and its lowest values in at least one point 
in each case. 

In passing from one such point to a neighbouring one on 
the surface of the sphere, the scalar function changes by 


df^ dx, 

or, if dr^ denotes the numerical value of dr^ 

dr 




^ is a vector of unit length, which is at right angles to r at 
ar 

the point considered. Now ^ must be zero, for if it were 

dr 

dx 

otherwise it would have to change sign with i.e.y would 

dr 

increase or diminish in moving in opposite directions on the 
spherical surface, and therefore it could possess neither a 
maximum nor a minimum value at the point in question. 
At those points where the upper or lower limit is reached, 
it follows therefore that the gradient \/f is at right angles 
dx 

to the vector — , that is to say, it must differ from r by a 
dr 

mere scalar factor. At both ends of any diameter of the 
sphere the scalar function T . r . r has the same value, for if 
r is changed into — r then T . r changes into — T . r. Hence 
the upper and lower limits correspond at least to two dif- 
ferent diameters of the sphere, for which 

T.r = Xr. 


By scalar multiplication with r, we get : 

T.r*r=*Xr.r = \. 
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Hence for the one diameter \ equals the upper limit of the 
scalar function and for the other diameter the lower limit 
These two real and distinct values of X — if for the present 
the case where T * r . r is constant over the whole surface of 
the sphere is omitted — must be roots of the previously de- 
rived equation of the third degree. Let them be denoted 
by Xi and X 2 J ^.nd the corresponding radii by rj and : 

T , = X^rj ; T . r2 = X2r2. 

If the first vector equation be multiplied scalarly by r 2 , 
and the second by then : 

T . ri . Fa = . Fa ; T . Fa . ti = X2r2 . 

Now 

T . ri . Tj = (u . rj)(o . + (v . r^Xp . r^) + (w . r2)(q . ti), 

and since T . = T . rj, 

T , Ti . rj = f . ri . Tg 

= (o . r2)(a . rO + (p . r2)(v . ri) + (q . rg)(w . fj). 
This is, however, equal to T . Fg . f^ arid consequently 
T . Fi . Fa = T . Fg . Fj, 

and therefore 

XiFi . Fa = Xgfi . Fg. 

Since \ and X^ are different, however, this equation can 
exist only if : 

ri.r2 = o. 

That is to say, the two diameters at whose ends the 
scalar function assumes its upper and lower limits are at 
right angles. 

Now let 

i - Fi, j - Fa, k = Fi X Fg, 

then u ~ XJ, v — Xg] ; 

hence T = X^ii + Xajj + wk, 

and T «= Xiii + Xgjj + kw. 
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From the fact that T . r « T. r it follows that for every 
vector r 

w(k . r) = k(w . r), 

i.e. the vectors w and k differ only by a scalar factor of pro- 
portionality. 

If we write 

w = Xgk, 

then T = X^ii -f XaJJ + ^^s^k. 

The scalar function /* = T . r . r accordingly assumes the 
form 

/ = Xi(i . r)2 + . ry + XaCk. r)2, 

or if the projections of r on i, J, k are denoted by ;tr, y, -s’, 

/ « + X^^ + X^J8\ 

In the foregoing we have excluded the case where the 
upper and lower limits of the scalar function coincide. For 
the consideration of that case it is merely necessary to as- 
sume that y is constant over the whole surface of the sphere. 
Let this value of f be X, then on the surface ; 

/ = T . r . r == Xr . r. 

But this same equation is valid over the whole space. 
For if r is transformed into nt^ then T . r becomes nY . r. 
Since, however, T . r is equal to half the gradient of T . r . r, 
and r is equal to half the gradient of r . r, for the whole 
region 

T • r — Xr. 

For positive values of X this represents a simple trans- 
formation preserving similarity, for negative values there is 
an inversion in addition. For X — - i it is a pure inver- 
sion. All these transformations may be expressed in the 
form 

T X(aa* + bb* + cc*), 

where a, b, c are three arbitrary but mutually independent 

II 
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vectors and a*, b*. c* are their reciprocals. For if r be 
derived numerically from a, b, and c, 


then 

thus 

or 


r = + -s^c, 

(r.a*) =;r; (r.b’»)=j)'; (r.c*) = 5 r; 
aCr . a*) + b(r . b*) + c(r . c*) = r 


T . r = \r. 

If for a, b, c we choose a self-reciprocal system i, j> k, the 
tensor may be written in the form . 

T = X(ii + jj + kk). 

If the upper and lower limits and 7 ^ are distinct, the 
Qnpcial case may arise where X3 becomes equal to Xi or Xg. 
^ffor example, X3 = X. then the vectors j and k transform 
into X,| and X^k. so that each vector derived numerically 
from 1 and k is by the transformation multiplied by and 
in place of j and k we may take j' and k' any two reciprocal 
vectors derived numerically from j and k, together with i, in 
which case we would likewise have : 

T = Xiii + Xal'i' + X^kV. 

If X, X2, Xj, on the other hand, are all distinct, there are 
only three diameters of the sphere for which : 

T • r = 7U-. 

For since \, as we saw above, satisfies the equation of the 
third degree and must therefore have one of the values X^ 
5^ Xj, it follows, for example, when X = Xj, from 


that 


T . r = Xii(r • 1) + XajCr • j) + X^Kr . k) 
= Xar = Xi[*(«- • 0 + Kr * i) + Kr • k)], 

(Xa - Xi)jCr. j) + (X, - Xi)Kr-k) = O- 


Since i and k are independent of each other, this equation 
can be satisfied only if r . j and r . k are simultoeously zero, 
that is, if r has the same or the opposite direction to i. 
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Similarly for \ or ^ “ Ag we conclude that r must 
have the same or the opposite direction to j or to k; in 
other words, that only for the corresponding three diameters 
can the relation 

T. r = Xr 

be satisfied. 

§ 6. Combination of Tensors 

Let T be a transformation which changes r into r', and T' 
one for which r' passes into t", i.e. 

r' = T.r; r" = T'.r', 

then by T' . T we mean the transformation which changes r 
into r" : 

r" = r.r' = r.(T.r) = r'.r. 

Now if 

T = ea •+ fb + gc, 
r = e'a' + f'b' + gc', 

then 

= r.r' = eXa.T.r) + + gXc.T.r). 

Each of these terms, for example e'(a • T . r), may be 
written 

e'(a . e)(a • r) + e'(a . f)(b . r) + e (a . g)(c . r), 

or if r be taken out as in the simplified method of writing T, 

[e'(a' . e)a + e'(a' • f)b + e'(a' . g)c] . r. 

Each of the three terms gives rise to three such portions 
so that in all there are nine terms. Each term consists of 
four vectors of which the two central ones are multiplied 
together scalarly. We may imagine the nine terms con- 
structed by expanding the product 

T' . T =s (eV + f b' + gc)(Ga + fb + gc) 

according to the distributive law, associating each term of 
the first factor with each term of the second factor without 
any alteration of the sequence of the vectors, and then 
uniting as a scalar product the two middle terms in each 
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product of the four vectors. This scalar product may then 
be united with the previous or with the succeeding vector to 
a new vector so that each term is then composed only of 
two vectors of which the second, for the sake of brevity, 
again stands for the scalar product with an uninserted 
vector, to be filled by the vector r which is to be transformed. 

In this manner T . T again assumes the form of the sum 
of products of two vectors just like T and T' themselves. 
This sum may again be reduced to three terms in the manner 
already described, by expressing the second factor in terms 
of any three mutually independent vectors, and collecting 
together as one term according to the distributive law all 
the terms which possess the same second factor ; or alterna- 
tively by expressing the first factor of each term in this 
manner and collecting the terms together which have the 
same first factor. 

The transformation T . T must be carefully distinguished 
from the transformation T . T' by which r is initially trans- 
formed into T' . r and this vector then changed by T into 
T . (T • r). Only in very particular circumstances can T' . T 
be equal to T . T'. 

When T and T' are expressed as the sums of more than 
three products of two vectors at a time, T . T is also found 
in the same manner as with the sums of three products by 
removing the brackets according to the distributive law and 
again in each product of four vectors uniting the central pair 
into a scalar product. 

By the sum of two transformations 

T, +T, 

we imply the transformation which changes r into 

Tj • r + Tg . r. 

The expression for it can be constructed merely by adding 
the expressions for and Tg. From the validity of the 
distributive law we then obtain directly 

T.(T, + T,) = T.Ti+T.T, 

and 

(Tii + X,).T=-TV..T + T^.T 
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By these rules of operation the conception and the associa- 
tion of transformations as a species of multiplication becomes 
justified. 

If a transformation T is associated with its reciprocal T*, 
we obtain, after the manner described above, for T . T* or 
for T* . T an expression of the same form as that for T. It 
does not, however, correspond in actual fact to any trans- 
formation, for T and T* in association eliminate each other, 
the one transformation reverses the other, so that an arbitraiy 
vector is transformed into itself. If a, b, c are three arbi- 
trary and mutually independent vectors, and a*, b*, c* those 
reciprocal to them, then T . and T* . T can* be thrown 
into the form 

T . T* == T* . T =: aa* + bb* + cc* ; 
for 

(aa* + bb* + cc*) • r 
= a(a* . r) + b(b* . r) + c(c^ . r) » r. 

Since we regard 

(aa* + bb* + cc*) . r 

as a product it is justifiable to represent aa* + bb* + cc* as 
unity, because r does not alter on multiplication by this 
factor. 

Hence we may write : 

T.T* = r, or T* = 

§ 7. Resolution into Rotational Tensor and 
Self-Conjugate Tensor 

The two classes of transformation which have received 
special consideration above, rotational and self-conjugate 
transformation, provide in combination every arbitrary trans- 
formation. Let T be an arbitrary transformation, then the 
sphere which is derived when we set 

r . r = I, 

and r is drawn from O, by the transformation, is changed 
into a surface of the second degree the points of which are 
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derived by setting off from O a series of vectors given by 

r' = T . r. 


Two mutually perpendicular diameters of the sphere must 
be transformed into two conjugate diameters of the surface 
of the second degree. For if at the ends of the diameter 
of the sphere the tangent planes to the latter are drawn, 
these must transform into tangent planes of the surface of 
the second deg^ree. Consequently the other diameter of the 
sphere, which is parallel to the tangential plane at the end 
of the perpendicular diameter, must be transformed into a 
diameter of the surface of the second degree, parallel to the 
transformed tangent planes. 

This may be expressed in the language of vector analysis 
in the following manner : 

From 

r' = T . r 


dr' = dr, 

r ■= T"^ . r', 
dr = T-" . dr'. 

The equation of the surface of the second degree is derived 
from the equation to the sphere by expressing rjn terms of 
r', and inserting it into the equation to the sphere : 

r.r = (T-i.r').(T-i.r') = I- 

In passing from a point of the surface of the second de- 
gree r' to a neighbouring point by altering r by an amount 
dr', we have that r' and dr' are parallel to conjugate 
diameters. 

The condition for conjugate diameters is consequently 
found by the differentiation of : 

(T-i.r').(T-".r') = I. 

The condition is therefore : 

2CT-i.r').(T-^<*') = o. 


it follows that 
or 
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But this is, on the other hand, simply the condition 

2t .dv — o, 

i.e. that the corresponding untransformed vectors shall be 
perpendicular. 

The three principal axes of the surface of the second de- 
gree, being diameters conjugate to each other, must be de- 
rived from three mutually perpendicular diameters of the 
sphere. Let i, j, k be a right-handed system of three 
mutually perpendicular vectors of length unity coinciding 
with these three diameters of the sphere, and i\ j', k' three 
similar vectors coinciding with the principal axes of the 
surface of the second order. Moreover, let 

a == T . i, b = T . j, c = T . k, 

then a, b, c are parallel to the vectors i, j', k', so that we 
may put 

a == , b = X 2 j > c Xsk . 

Now let us construct two transformations for which the 
first Tj changes the vectors i, j, k into i', j', k', and the second 
i', j', k' into a, b, c. 

= i'i + j'j + k'k 
Tg = ai' 4- bj' + ck' 

= XiiT + XgjT + Xgk'k' 

= i a + j'b + k c. 

The first transformation is a rotation, while the second 
is a self-conjugate transformation. On combining them we 
derive the transformation T which changes i, j, k into 
a b Cl 

Tg . Ti = (ai' + bj' + ck')(n + j'j + k'k) 

= ai + bj + ck. 

Alternatively we may take a self-conjugate transformation 
first which changes i, j, k into 

e = X^i, f = Xgj, g = Xgk 
viz. ei + fj + gk 
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and then a rotation whichi transforms e, f, g into a, b, c, 
viz. 

ae* + bf^ 4- eg*. 

Then on combination we again arrive at the given trans- 
formation T : 

(ae* + bf* + cg*)(ei + f j 4- gk) 

= ai 4’ b j 4“ ck. 


The rotation is the same in both cases. 

For 

e* - - i • f* = - i - -k 

and consequently 

ae* 4“ bf* + eg* = i'i 4- j'j 4- k'k. 


But the two self-conjugate transformations are not equal. 
In the caie an extension or a contraction takes place in the 
directions i', k', in the other in the directions i, j, k. 


§ 8. The Coefficients and Units of a Tensor 

If a transformation is given in definite numerical form then 
there must be specified in numerical form how a given triple 
set of vectors is transformed into another definite vector 
triple. 

If, for example, we have the transformation 
T = ea 4- f b 4- gc, 

by which the vectors a*, b*, c* change into e, f, g, then we 
suppose the nine coefficients given, by means of which the 
vectors e, f, g are numerically derived from a, b, c ; 
thus 

© = 4" ^22b 4^ ^13^> 

f = 4- ^22^ + ^23^> 

g = ^3i^a 4* 4- ^ssC. 

T may then also be written : 

^■ ^fa a + iiaabb + asgcc + a^^c^a + 

+ a^-jOC + <Zi3ca + + a^ab. 
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In the complete expression there would be written in place 
of the last factor of each term the undetermined expression 
a . 1, in place of a, instead of b there would be b . 1, and 
instead of c, c . 1, where 1 is to be replaced by r in the trans- 
formation T . r. 

The conjugate transformation 

T = ae + bf -f eg 
may in analogous manner be written 

4- ^^fg^bb + a^^cc + + ^23^^ 

“f" ^jgac 4* ^gj^ca 4* ^2iba 4 " ^j^gab# 

by inserting the expressions for e, f, g. Tha^is to say, the 
expression for T transforms into that for T if the two 
vectors are interchanged in each expression, or what amounts 
to the same thing, if the two indices of the coefficients are 
interchanged in each term. 

A self-conjugate transformation is accordingly character- 
ised by the equalities 

^32 “ ^ 23 » ^18 ~ ^ 31 > ^21 ~ ^ 12 * 

The nine coefficients 

^11 ^12 ^13 
^21 ^22 ^23 
^31 ^32 ^33 

we term the co-ordinates or the coefficients of the trans- 
formation or of the tensor T in relation to the nine units : 

aa, ab, ac 
ba, bb, be 
ca, cb, cc« 

By an appropriate choice of these nine coefficients the 
vectors e, f, g may be made equal to any three given 
vectors, and hence express every affine transformation. In 
order to express an affine transformation the values of the 
nine coefficients must satisfy the single condition, that their 
determinant does not vanish. For, as we have already seen, 
the determinant represents the ratio of the two volumes efg 
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and a*b*c* which do not vanish since both a, b, c and e, 1, g 
are assumed independent of each other. 


I Tensors of Fewer than three Terms 

We propose to retain the assumption that a, b, c are 
independent of each other but admit that e, f, g are de- 
pendent on each other in such manner in the first place ftat 
two of them, e and f for example, remain independent. The 
external product efg then vanishes and with it the deter- 
minant of the nine coefficients. The transformation 

r' = T-r 

may still be effected for every arbitrary vector r in the same 
marmer as before but the vectors r' no longer represent all 
possible vectors of space but those only which are capable 
of derivation numerically from e and f, that is to say, are 
parallel to a plane. If g be expressed in terms of e and f, 
and the terms associated which have e as their first factor, 
and likewise those terms having f as their first factor, then 
T takes the form 

T = eo + fp, 


where o and p are numerically derived from a, b, c in a 
definite manner. If o and p are independent, we may add 
a third vector q which is independent of o and p. 

Then e and f may be derived numerically from o, p, q m 

the form : 

e = + ^lap + 

f = JjiO + ^22p + ^28^- 

Such a transformation 

T = eo + fp 


is already characterised by six coefficients : 

^11) ^ia> ^i8> 

^2i> ^aai 

We term this its coefficients relative to the system o, p, q. 

If e, f, g depend more closely on each other, so that they 
may be derived numerically from some one of them, for 
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example from e, then all the terms of T may be grouped 
together in a single one of the form : 

T = eo. 

The transformation makes 

r' = T . r = e(o . r) ; 

all vectors r into vectors r' which are numerically derivable 
from e. If to o we add two other vectors p and q such that 
o, p, q are mutually independent, then e can be numerically 
derived from o, p, q : 


e = + ^i 2 P + ^sq. 

A transformation T = eo is therefore given by the three 
coefficients 

^12i ^ 13 * 

These we term its coefficients with reference to o, p, q. 

All three types of transformation are included in the 
form 

ea + fb 4* gc, 

if the assumption that e, f, g are mutually independent is 
discarded. According as two of them remain independent 
of each other or all are derivable from one, the transformed 
vectors become parallel to a plane or to a straight line. 
This last type is, so to speak, the most elementary constituent 
of the general transformation in so %r as the latter may be 
represented as a sum of transformations of this simple type. 

To these transformations there belong also those obtained 
when the vector r is multiplied vectorially by a fixed 
vector o. 

Suppose that in addition to o two other vectors are chosen 
such that 

opq = I, 

then o* = p X q, p* = q X o, q* = o X p, 

now r =» o(o* • r) 4- p(p* . r) + q(q* • r). 
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o X r = q*(p*.r)-p»(q*. 
= T.r, 


where T = q*p* - P*a*. 

Conversely it may be shown that each 
this form 


T = ba - ab 


r) 

transformation of 


may be replaced by a vectorial product of the variable vector 
with a fixed vector a x b. For we have : 

T.r = b(a.r) - a(b.r). 

If a vector c be determined so that abc = i and we put 
a'^ = bxc;b* = cxa; c'*' = axb, 

then 

r = a*(a . r) + b*(b . r) + c»(c . r) 


and therefore 

c* X r = b(a . r) - a(b . r) = T . r, 

a result that might have been derived directly from the 
formula 

(a X b) X r = b(a . r) - a(b . r) 

found in Chap. I, § I5* _ 

The conjugate transformation T is here equal to - T so 
that the sum T + f , which, as has been seen, represented in 
general a self-conjugate tensor and thus provided a scalar 
function 2Tr . r, in this case vanishes. 

If any transformation 

T = ea + fb + gc 


is the reverse of its conjugate 

T = ae + bf + eg, 


then _ 

T = i(T - T) 

= i(ea - ae) + K® - >>*) + 

Le. the traiisformation T is a sum of three transformations 
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of the type just considered which may be replaced by 
vectorial multiplication by a fixed vector. The transforma- 
tion T . r has accordingly the same significance as 

Ka X e + b X f -f c X g) X r, 

or if we put 

i(a xe + bxf4-cxg) = p xq, 

T = qp - pq. 

Every transformation T, which is the opposite of its conju- 
gate, may therefore be thrown into the form 


qp - pq» 


and T . r is simply the vectorial product 

(p X q) X r. 

Such a transformation is completely given by a 
p X q, or if we will, by the associated vectorial 
area pq, the representation of the vector. 

To construct a picture of the transformed 
vector T . r we will suppose the vectorial area 
placed in the plane of the diagram and also 
the fixed point O from which r is drawn. 

The end point of r is projected perpendicular 
to the plane of the drawing, to P. The 
vector OP == differs from r by a vector 
which is perpendicular to the drawing, i.e. it is 
parallel to p x q. 

Hence 

T . r = (p X q) X r = (p X q) X ri, 


vector 



i.e. all vectors r drawn out from O to any point on the same 
straight line perpendicular to the plane are transformed into 
the same vector T . r. This is at right angles to OP on the 
side corresponding to the sense of the vectorial area pq. If 
the numerical value of the vectorial area equals unity, the 
length of T . r equals that of ri, if it is greater or less than 
unity, the length of T . r is in the same proportion greater 
or less than the length of r^. Drawn from P, T . r leads to 
the point P', Then tan A P'OP is equal , to the numerical 
value of the vectorial area pq (fig. 31 ). 
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§ lo. Symmetric and Asymmetric Tensors 
I f T = ea + f b 4* gc 

is an arbitrary transformation, and if half the sum and half 
the difference of T and its conjugate T are taken, then 


and 




T - Ti + Tg, 


and on the one hand Ti = Ti, and on the other Tg = - Tg. 
For we obtain and Tg if the vectors are interchanged 
in all the terms, so that T transforms into T. Hence 


T + T ~ 
Ti ^ ; T2 



In other words, every arbitrary transformation may be 
presented as the sum' of two transformations of which the 
one is its own self-conjugate and the other is its own con- 
jugate reversed. 

Hence T • r is composed of . r + Tg . r. 

Tj . r is, as we saw above, the half gradient of the scalar 
function • r . r, and Tg . r is the vectorial product : 

i(a X e + b X f + c X g) X r- 

This brings out the geometrical interpretation of the 
vectorial area 

ae 4* bf + eg 

which we have discussed to some extent already. One half 
its representation is the vector whose vectorial product 
with r gives the transformed vector Tg . r. Moreover, the 
geometrical interpretation of 

e. a 4- b.i 4- c. g 

becomes evident Since is its own conjugate this 
tensor, as we have seen already, may be thrown into the , 
form 

Xj — 4* XgjJ 4" Xgldc* 
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On the other hand, 

Ti = ^(ea + ae + fb + bf + 5rc + eg) 
and therefore from § i, Chap. Ill, 

e . a + f . b + g . c = . i + . j + ^3k . k 

= A-X ^2 ^8* 

Hence e.a + f.b + g . c equals the sum of the three 
numbers Xg) which specify how the volume is ex- 
panded or compressed in the three mutually perpendicular 
directions and, if they negative, mirrored in addition, in order 
to apply the transformation T^. 


§ II. Reciprocal Tensors 
The transformation reciprocal to 

T = ea + fb + gc 

changes the vectors e, f, g back into a*, b^, c*, the three 
vectors reciprocal to a, b, c. Accordingly, it may be written 
in the form 

T-i = a*e* + b^f* + 

This naturally assumes that e, f, g are independent of each 
other. For if they were dependent, the external product 
efg would be zero and the reciprocal vectors 


= 


t X g 
efg * 


g X 

efg ’ 


g* = 


e X f 
efg 


could not be constructed. 

The numerical relations between the vectors a*, b*, 
and the vectors e^, f*, g* may be expressed by means of 
the same nine coefficients in terms of which e, f, g were 
derived numerically from a, b, c. 

For, from 

e = ^^lla 4 - ^Zjgb 4 ^X3^» 

it follows that 


e . a* ^xx, e . b* = e • c* = ^13, etc. 
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Hence : 

a* = 4- 

b* = ^120* 4- ^22^^ + ^32^* 
c* = ^Tige* 4- ^ 23 ^* + 

In the scheme for the nine coefficients 


ail 

^21 

^31 

^12 

^22 

^32 

«18 

^23 

^33 


the columns are merely interchanged with the rows and the 
coefficients for the reciprocal transformation relate not to 
the system a, b, c to which the coefficients for T related, 
but to the system e^, f*, g. If we wish to express T“^ re- 
ferred to a*, b*, c* we must find the values of e*, f*, g* in 
terms of a*, b*, c*, i.e, we have to conduct the vectorial 
calculations 


tJLE . f * _ g ^ ^ . 

efg ' efg ' 


g^ 


e X f 
efg ’ 


by inserting the expressions for e, f, g in terms of a*, b’^, c*. 
This gives : 

e* = + a\^h* + 

f* = + a\^h* + a%^c* 

g* = + a\^h* +>a*33C*. 


This is the reversion of the vector equations already written 
down, by means of which a*, b*, c* were numerically de- 
rived from e*, f*, g*. 

The same coefficients give the reversion of the 

equations 

e = ai^a. 4- + ^isC, etc., 

if the indices are merely interchanged : 

a = ^*iie 4- ^* 2 if + ^*3ig 
b == a\^e 4 + ^* 32 ^ 

C = 4* ^*23f + 

For in an analogous manner by which we passed from T to 
T“^ so we arrive at the reciprocal transformation T from 
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the transformation T“^ which was referred to a*, b*, c*, that 
is to say, which was supposed given by the coefficients 
Thus T is determined by the same coefficients except 
that the indices must be interchanged and they are to re- 
late not to the system a*, b*, c*, but to e, f, g. 

§ 12. The Tensor Idea 

A relation between two variable vectors r and r' such as 
is expressed by 

r' = T.r 

arises not merely in the case of affine transformations of 
space, but also with many other mathematical and physical 
considerations which have nothing essentially to do with 
space transformations. We have already encountered two 
such cases. In the first instance r' was represented by the 
gradient of a definite scalar function of position /'(r), while 
in the second case r' was derived as the vectorial product 
of a constant vector with r. As a physical illustration, con- 
sider the stresses operating in the various planes passing 
through a point in an elastic body under the influence of 
any forces. If the body be supposed cut in any one of the 
planes and the one portion removed, then we must imagine 
certain forces operating on the elements of the intersecting 
plane if everything is to remain in the previous state of 
equilibrium. At the point under consideration we may 
imagine an indefinitely small vectorial area lying in the 
section and indicating by its sense on which side the fixed 
body lies, for example, by postulating that it lies on the 
positive side of the vectorial area. Each such vectorial 
area at the point considered corresponds to a certain force 
which must be applied there to maintain the equilibrium. 

Had we retained the portion removed, and removed the 
portion retained, the vectorial area with the opposite sense 
would have had to be taken in order that the portion now 
retained should again lie on its positive side ; in which case 
the force would equal the original one but reversed in sign. 
The description of the state of stress at the position con- 
sidered consists in a statement of the relation between 
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vectorial area and force. We may imagine the vectorial 
area replaced by its representation so that we have to deal 
for a given state of stress with a relation between two 
vectors r and r', one of which corresponds to an arbitrary 
indefinitely small vectorial area and the other to the corre- 
spondingly small force. In the theory of elasticity it is 
shown that to a first approximation for not too great de- 
formations of the elastic body the relation between r and r' 
is of the type we have met in affine transformations. We 
shall encounter yet other illustrations of such relations be- 
tween variable vectors. These applications to the state of 
elastic stress has led to the use of the word “tensor*’ for 
the idea involved in the passage from r' to r. 

Originally the word referred specifically to the state of 
stress {tenders — to stretch, tensio = tension) ; now-a-days, 
however, it has acquired the colourless abstract significance 
that it merely expresses the relation of one vector to another, 
whether or not it refers to an actual state of stress. From 
now onwards we will use the word in this same neutral sense 
and therefore speak of a tensor 

T = ea -h fb + gc, 
of the conjugate tensor 

T = ae 4- bf -h eg, 
of the reciprocal tensor 

- a*e^ + b^f* + c*g*, 

of the tensor which arises by the addition of two tensors 
Tj • Tg, and by the product of two tensors, etc. 

Immediately it is desired to determine a tensor numeric- 
ally, it must be referred to three mutually independent 
vectors a, b, c, and, as we have already seen, it may then be 
written in the form 

^r^^aa 4- 4- ^23^1^ + ^ 32 ^^ + 4- ^^gca 

4- a^xSih 4- 

It is in fact derived numerically from the nine tensors 
aa, bb, cc, be, cb, ca, ac, ab, ba 
by means of the nine numbers Uap, 
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We term. the nine tensors aa, bb, cc, be, etc*, the unit 
tensors of the system a, b, c, and the coefficients of the 
tensor with reference to these units where the values i, 2, 3 
of the first index correspond to the second factors a, b, c 
and the values i, 2, 3 of the second index to the first 
factors. 

Just as a vector is derived numerically from three 
vectors a, b, c by means of its coefficients, so a tensor is 
derived from the nine unit tensors of the system. 

If then, as we saw already, the tensor is self-con- 

jugate. We will term this a “symmetric tensor.” If the 
coefficients of r referred to a*, b*, c* be denoted by 
then for a symmetric tensor 


T • r . r = H- -1- 2^23^''^ + 2^31-aar 

and the relation 

r' = T.r, 


as we have already found, may be represented by setting 
r' equal to the gradient of the scalar function of position 

. r . r. 

The vector field of the gradient enables us in this case to 
obtain a geometrical picture of the relation between r and 
r. We associate with each vector r the gradient at that 
point of space at which the vector terminates. Now to 
each symmetrical tensor there corresponds a quadratic form 
in three variables x, z : 

T . r . r = -I- + ' 2 .a^^z + 2 a^^zx 

-h ^a^^y, 

where x^ y^ z are the coefficients of r with reference to a*, 
b^ c* 

And conversely to every such quadratic form for x^ j/, z 
where x^ y, z are coefficients referred to three arbitrary and 
mutually independent vectors a*, b*, c*, there corresponds 
a symmetric tensor : 

T = ayj^asi + + ^3i(ca + ac) 

-f <^i2(ab + ba). 
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The relation between r and r', as we saw before, may be 
presented by constructing the surface of the second order 

r' . r = T. r . r = I 

by drawing r from the point O. For every r, r' is perpen- 
dicular to the surface at the terminal point of r. Hence if 
drawn from O the end of the vector r' falls on the per- 
pendicular which can be dropped from O on to the tangential 
plane at the end of r, and its length equals the reciprocal 
of the length of the perpendicular. For a different surface 
of the second degree corresponding to a different constant 
value of T . r • r we need merely imagine r and r' altered in 
the same proposition. If r and r' both increase «-fold r' . r 
becomes times as great. 

The symmetric tensors accordingly provide a picture in 
a way of the quadratic forms of three variables. 

A tensor which is opposite to its conjugate we term an 
“ asymmetric tensor,” 

For it ^11 = = <233 = o 

and = — ^ 3 ^ 82 , <2^81 = — ^ 13 » ^12 ~ ~ 

as already proved, so that it assumes the form 

T = latasCcb - be) + a^i(ac - ca) + - ab). 

If X, y, z are again the coefficients by means of which r is 
numerically derived from a*, b*, c*, then 

r' = T.E 

= <H%^y - b,?) + ^aiCasr - cr) -f ai^Cbz - ty/) 
a* X r b* X r c* x r 

= «28 a*b*c* a*b*c* a.*b*c* 

= a*b*c* ^ 

i.e. the vector r' arises from r when the constant vector 

Xsia* - 1 - agja* + a^^c* 

a*b*c* 

- a!28(b X c) + fl3i(c X a) + <j:j;3(a x b) 
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is multiplied vectorially by r. This vector is the representa- 
tion of the vectorial area : 

+ ^3iCa + 

If in the expression for the asymmetric tensor 

T = ^a 3 (cb - be) + ^ 3 i(ac - ca) 4- ^laCba - ab) 

all the terms are conceived as if they were external pro- 
ducts of two vectors, then T transforms into the vectorial 
area 

P ~ 2^23^^ + 2aQiac 4* 2ai^ba. 

The relation between r' and r may then be presented in the 
following fashion : the vectorial product 

r' = r X 1 |P 

is constructed. Then every asymmetric tensor corresponds 
to a definite vectorial area P and conversely every vectorial 
area P corresponds to a definite asymmetric tensor which 
merely represents the passage from a variable vector r to 
the vectorial product of r by half the representation of P, 
The vectorial area P may then be written exactly like the 
tensor T : 

P = - be) 4- ^ 3 i(ac - ca) 4- ^i 2 Cba - ab), 

except that here the separate terms represent external pro- 
ducts of the vectors a, b, c. 

Every arbitrary tensor T may be expressed as the sum 
of a symmetric and an asymmetric tensor : 

T = Ti 4- Tg. 

The symmetric tensor equals half the sum ofT and its 
conjugate T, the asymmetric tensor is half the difference of 
T and its conjugate T. 

For example, let there be given a rotation through an 
angle ^ about an axis passing through O. A vector r 
drawn from O changes into a vector t\ The transition de- 
fines a tensor T. Let us resolve this tensor into a sym- 
metric tensor and an asymmetric tensor Tg. As we have 
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seen, in a rotation the conjugate tensor equals the reciprocal 
tensor, and consequently : 




T + T 


-1 




T - 


2 ' 2 
Imagine the axis of rotation is at right angles to the plane 
of the drawing (fig. 32). During the rotation a point P 
in the plane of the drawing moves along the arc of a circle 
to P', while during the reciprocal transformation it moves 
to P". Every point on a line through P perpendicular to 
the drawing moves parallel to that plane and remains in 
the same perpendicular as the moving point in the plane. 
Similarly with the reciprocal rotation. 

If r is the vector which joins O to the original position of 
the point then it can be separated 
into two parts, the vector joining 
O to P and a constant portion c 
perpendicular to the plane of the 
drawing. Then clearly T . r equals 
the vector OQ + c, where Q lies 
midway between P and P' and 
T 2 . r equals half the vector P'TV 
i*e. equals the vector QP'. 

The transformation T . r moves 
all lines parallel to the axis of 
rotation nearer to that axis so that its distance is diminished 
in the ratio cos 3- (a negative value of cos 3 indicates that 
the straight line passes to the opposite side of O), it com- 
presses the region symmetrically about the axis of rotation, 
while with negative cos.S- an inversion also occurs. The 
transformation Tg, r adds to T\ r the vector QP' which is 
the vectorial product of a vector perpendicular to the plane 
of the drawing of length sin 3, with the vector r. 

In terms of vector analysis these geometrical considera- 
tions would be presented as follows : 

We assume i, j, k is a self-reciprocal system, k being 
parallel to the axis of rotation. The vectors i, j, k are 
changed into i', j', k by the rotation, where ; 

iV= cos-^i 4 - sin^j 
J - sin^M 4- cos3i. 
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Then: 

T — il + j j + kk 

__ = cos ^(ii + jj) + kk + sin ^(ji - ij) 

T — ii' + jj' + kk 

= cos .^(ii + jj) + kk - sin ^(ji — ij). 

The first part is the symmetric tensor 
Ti = cos ^(ii 4- jj) + kk, 

which changes i, j, k into cos S i, cos ^ j, k, while the 
second portion is the asymmetric tensor 

Ta = sin-$(ji - iJ), 
which converts the vector 

r X 1 iP 

into the vector r, where 

P = - 2 sin ^ ij, 

I |P = - sin ^ k, 

and therefore 

r X 1 ^P = sin ^ k X r. 

If the angle of rotation 3- is small then I - cos 3 is of the 
second order in comparison with sin.^. Accordingly in 
the expression for the rotational tensor we will introduce 

cos^ = I - 2sin2 5'/2, 

and write 

3 

T = ii + jj 4- kk + sin ^Ji - ij) - 2 sin^ - (ii + jj). 

If that portion associated with sm^3/2 in the formation of 
r' = T . r can be neglected, then 

T = ii + jj + kk + sin ^(ji - ij), 

and having already discarded terms of the second order we 
may substitute the angle itself for sin 3 : 

T - ii 4- ii 4- kk + ^(ji - ij). 

The first portion leaves the vector r unaffected in construct- 
ing T • r, so that we get 

T . r = r + 3(p^ - iy) 
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or 

T = I + Ta 

where Tg represents the indefinitely small asymmetric 
tensor and i is written for the expression : 

ii + jj + kk or a*a + b*b + c*c. 

Every infinitely small rotational tensor may be expressed 
in this form. 

If an arbitrary tensor T differs little from i, i.e. ifT.r 
differs little from r, then T - i (where i stands for a^a + 
b*b + c*c) is a small tensor. Let us resolve it into the 
sum of a small symmetric and a small asymmetric tensor 

T-i=Ti + Ta 

or T « I + Ti + Tg. 

Now Ti . Tg is a tensor of higher order than and Tg. If 
we can neglect it in comparison with and Tg, then we can 
also write 

T = I + Ti + Tg + Ti . Tg 
- (I + + Tg), 

where now i + is the symmetric portion of the tensor T, 
and neglecting quantities of higher order, Tg is a rotational 
tensor which arises from the asymmetric portion of T by 
the addition of i. 

This effects the resolution of T into a product of a 
symmetri^Land a rotational tensor in simple fashion from 
the resolution into a sum of a symmetric and an asymmetric 
tensor, which has already been shown to be possible in a 
more general manner. 

Let z be the coefficients of a variable vector r re- 
ferred to three mutually independent vectors a, b, c, 

r xa + j^b + zc. 

From these coefficients by means of the three linear equa- 
tions 

^ 
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let three other quantities ^ be derived such that they 
lead to a second vector r' referred to the same vectors 
a, b, c: 

r' = + i?b -f fc. 

Inserting the linear expressions for f 

r' = xe + yf + 
where e — 

i = a^xa + a22^ + ^ 23 ^ 

S “ ^31^ ^ 32 ^ * 1 “ ^ 33 ^* 

Accordingly the passage from r to r is effected by means 
of the tensor 

T = ea* + fb* + gc^ 

which transforms the vectors a, b, c into e, f, g. Inserting 
the expressions for e, f, g in terms of a, b, c the form of T 
becomes 

T = ^i^aa"^ 4* ^22hh'^ + ^asCC* + az^ch* + ^32hc* 4- 

4 axsca* 4- + ^a^ab*- 

The nine coefficients aa^ refer to the nine tensors aa*, bb*, 
cc*, cb*, etc., from which T is numerically derived. 

Every system of three arbitrary linear functions of three 
variables which are regarded as coefficients with reference 
to three mutually independent vectors therefore corresponds 
to a definite tensor. Every tensor may be obtained in this 
manner from any system of three mutually independent 
vectors a, b, c. It is merely necessary to throw it into the 
form 

T = ea* 4 lb* 4 gc* 

which is always possible by expressing the second vector 
in each term through a*, b*, c* and then arranging the 
terms according to the second factor. The coefficients of 
e, f, g in relation to a, b, c provide the coefficients of the 
linear functions by interchanging the rows and columns. 

§ 13. Reversals and Rotations 

A reversal about the i-axis (i.e. a rotation through two 
right angles) changes the vectors j, k into - j, - k, while i 
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remains unaltered. It is therefore represented by the 
tensor 

ii - ii - kk, 

which may also be written 

2ii - ii - jj - kk or 2ii - i. 

We have written i for the tensor 

T = ii + jj + kk 

since it transforms i, j, k back into i, j, k and therefore also 
T. r becomes r. Two reversals about different axes com- 
bine together into one rotation. Let us combine the two 
reversal tensors 

2ii - I and 2iT - i 

to give the rotational tensor 

T = (2ir - i)(2ii - I) 

= 41 (i' . i)i - 2 ii - 2iT + i. 

If all the terms be regarded as external products, then ii 
and iT and ii 4 - jj + kk vanish and we get the vectorial area 

4(i'.iXi. 

As we found above, this vectorial area is at right angles to 
the axis of rotation, the rotation taking place in the sense 
of the opposite vectorial area : 

4(i' . i)ii', 

and its numerical value is equal to twice the sine of the 
angle of rotation, where the rotation is conceived as occurring 
so that the angle of rotation is less than 180°. Denoting 
by a the angle between i and i', which may be assumed 
smaller than 90° since in place of i' we may put - i' without 
altering the tensor, then the numerical value of 

equals 4 cos a sin a = 2 sin 2 a, 

so that the angle between i and i' equals half the angle of 
rotation. In this way every rotation may be replaced by 
two reversals. We have merely to select i and i' both per- 
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pendicular to the axis of rotation, both of length unity, the 
angle between them being half the angle of rotation (which 
may be assumed less than or equal to i8o°) and the order 
so chosen that the sense of the vectorial area ii' corresponds 
to the direction of rotation. 

Taking the mirror image in the jk-plane transforms i to 
- i while i and k remain unaffected, and therefore it 
represents the tensor : 

- ii + ii + kk or - 2ii + l . 

This tensor is the exact opposite of that corresponding to 
the reversal 2ii - i. In the rotational tensor 
T = (2ir - i)(2ii - I) 

we may change both factors into their opposites without 
altering the tensor : 

T = ( - 2i'l' + I)( - 2U + I) 

= 4i'(i'.i)i - 20 - 2i'i' + I. 

Thus both reversals 1 and i' can be replaced by mirror 
imaging in the planes at right angles to i and i'. 

Let us separate the rotational tensor into its symmetric 
and its asymmetric portions ; 

Ti = 2(i' . i)(i'i + O') - 2u - zi'i' + i 
Ta = 2(i' . - ii'). 

The rotation is completely given with the vectorial area ii', 
its numerical value determining the sine of half the angle 
of rotation, its normal the axis of rotation, and its sense that 
of the rotation. We propose to make these facts apparent 
in the expression for Tj and Tg, by setting the representation 
of the vectorial area ii' equal to i x i' = sin ^/2k and in- 
troducing i, j, k. For the sake of brevity let us write : 
i . i' = cos ^/2 = p ; sin ^/2 = a. 

Then : 

i' = pi + <r|. 

Introducing this expression for i' into we get at once : 

2 pCi'i + a') = 4p®ii + 2 p<r(ji + ij) 

2i'i = 2p*ii + 2pcrQ^ + ij) + 2or^|j 

i'i - a' = (r(|i - ij). 
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Consequently 

Ti - -- 2 a'\ii + il) + I « I - 2^7^ + 2o'2kk, 

Tg = 2/?o-(ii - ij), 

the result we have been seeking. In the expression for 
there merely occurs the vector i x T =* ok and the numerical 
quantity cr. The transformation . r consists of 

(i - 2(r^)r + 2Gr2k(k. r), 

Hence if r be supposed drawn out from O, its end-point P 
is drawn towards the axis of rotation in the ratio : 

I - 20-2 = _ ^2 ^ 

This is immediately evident from fig. 33. If, in fact, we 
make OQ/OP = cos S- then : 

OQ = (i - 2 <r^)r; QP = 2 a^r; 

OS = k(k . r) ; QR/OS « QP/OP ; 

so that : QR =* 2(7^k(k • r), 
and consequently ; 

Ti.r- OQ + QR « OR. 

On the other hand : 

Tg . r = 2pcr(ji - ij) . r 
= 2pcrr X k 

is merely the vectorial product of r by 2pi x i'. In this 
way Ti and Tg are both expressed by the number p = 
cos ^/2 and by the vector i x i' : 

Ti = 2p2 - I + 2(i X i')(i X ly 

Tg , r = 2pr X (i X i'). 

If T be referred to an arbitrary system i, j, K then there 
occurs in T, in addition to p, the three coefficients of the 
vectorial area ii' or its representation .* 

i X i' == Xi + 4- 2/k. 

Since the numerical value equals <r we have : 

4- X^ + 4- « I . 



Fig. 33. 
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Accordingly 

= (2p^ - IXS + jj ±i^y 
-f 2Qy?U_+ + 2/^kk} 

+ 2/jLv(jk +ki) + 2z/X(kj + iic) -f 2X/t(iJ + jl), 

and 

Tg = - 2/?[X(jk - k)) + /^(ki - ik) + 2/(ij - ji)]. 


The system of nine coefficients then become equal to : 

(2p^ - l) + 2 X 2 , 2X/i + 2pv, 2vK - 2^/4, 

2X/4 - 2 pv^ 2p^ - I + 2p?, 2pn^ + 2pX, 

2 vX + 2 pyL 6 , 2 p,v — 2 pX, 2 p^ — I -f- 2 i/^. 

These nine quantises are the coefficients of the three vectors 
into which i, j, k transform during the rotation. They 
give the formulae for transforming' from one system of 
rectangular coordinate into another, to use the language of 
analytical geometry, and were given in this form by Eulen 
From the standpoint of vector analysis they are embodied 
in the expression 

T = (2p^ - i) +2(i X i')(i X i') + 2p(i'i - ii') 

which can be referred to an arbitrary system of vectors. 

In an affine transformation let the vectors a, b, c be 
transformed into e, f, g so that it is represented by the 
tensor : 

T = ea* -{- fb* + gc*. 


The vectorial areas be, ca, ab are then transformed into 
the vectorial areas fg, ge, ef, but it does not follow that the 
representations of the vectorial areas transform into the 
representations of fg, ge, ef. For a vector standing at right 
angles to a vectorial area will in general not be at right 
angles after transformation. The relation between the 
representation of a vectorial area P and of a vectorial area P 
into which the former transforms will not be provided by 
the tensor 

T = ea^ + fb* -f gc*. 


but by another tensor which transforms the vectors 


b X c, 


a X b 


c X a, 
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into the vectors : 

f X ST X e, e X f. 

Now b X c ~ a^(abc), etc. 

Hence we may write this tensor : 

+ f^b + g^c). 

abc 

The expression in the brackets is conjugate to the tensor 
T-i = ae* + bf* + eg* 

which transforms the vectors e, f, g into a, b, c and is 
therefore reciprocal to T. Accordingly we may write : 

T-i = e*a + f*b + g»c. 

The tensor which changes the representation of a vectorial 
area into the representation of the transformed vectorial 
area for an affine transformation T, is therefore equal to the 

ratio by which a volume is altered, multiplied by the 

tensor T"i, i.e. the tensor which is reciprocal to the conju- 
gate of T, or, as we may also express it, which is conjugate 
to the reciprocal of T. For, the tensor conjugate to T 

a*e + b*f + c*g 

changes e*, f*, g* into a*, b* c* and therefore its recipro- 
cal changes a*, b*. c* into e*, f* g*, and therefore has the 
form 

e*a + f*b + g*c. 

For a symmetric tensor T = T, and hence T-^ = T-i; 
here then the reciprocal tensor changes the representation 
of a vectorial area into the representation of the trans- 
formed vectorial area, if for the moment we ignore the 

numerical factor — ^ which would merely indicate a geo- 
metrical magnification or diminution and into which an in- 
version would also enter if ^ were negative, i.e. if the 

9.DC 
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sequence of the three vectors of the system is altered by the 
transformation. 

Consider, for example, a sphere which is transformed by 
a symmetric tensor into an ellipsoid of like volume without 
altering its sense. An element of the spherical surface 
transforms into an element of that of the ellipsoid, but the 
normals of the spherical elements do not transform into 
the normals of the ellipsoid but into the corresponding 
diameters. On the other hand, the reciprocal tensor changes 
the normal of the sphere into the normal of the ellipsoid, for 
the point in question and the ratio of the lengths is the 
same as that of the surface elements. 

For a rotation, or one, T, associated with an inversion, 
as we have already seen, the conjugate tensor T is identical 
with the reciprocal, and therefore 

X-x = T 

and at the same time 

efg « ± abc. 

According as an inversion is or is not also associated with 
the rotation, the representation of a vectorial area will be 
opposite or equal to the representation of the transformed 
vectorial area. One recognises that this case can arise only 
with these tensors. For, from = T it follows that 
T = and this can occur with no other tensor, 

§ 14. Tensor Fields 

Just as we have passed from the conception of a vector 
to the conception of a vector field, so we may proceed to 
the idea of a tensor field. At each point of space or 
element of space imagine a tensor given ; it may be pre- 
sumed to vary from point to point. Corresponding to a 
system of elastic bodies under stress, for example, there is a 
tensor field of symmetric tensors which represents the state 
of stress at each point. If every portion were affected in 
exactly the same manner, the tensor would be everywhere 
the same and the tensor field would be constant. In 
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general, however, it varies from one position to another. 
Imagine the symmetric tensor which belongs to any point, 
thrown into the form 

T = XJA + Xgii + Xskk, 

then i, j, k are the directions of principal stress. On a 
vectorial area 

= ^a>jk 

of size dto the force at right angles to it is 

= T . doA = X-ydaA» 

A positive value of \ would indicate a force which operates 
in the direction of the representation of *= ^a)jk. If 
then we make the assumption that on making a section in 
the body the sense of the vectorial area will be such that 
the portion of the body considered lies on its positive side, 
then a positive value of corresponds to a pressure and a 
negative value to a tension. In the same way the vectorial 
area dcoM experiences a force 

TdG^ = T . do>i == 

and the vectorial area da>ii a force 

TiiQg — T . dco^ = \^da>\i. 

On each of these vectorial areas the force in each instance 
acts at right angles. For any other indefinitely small 
vectorial area dQ, the force acting on it is TdG. For the 
vectorial area dG may be conceived as one of the four sur- 
faces forming the tetrahedron the other sides of which, dG-^, 
dG^t dG^ are parallel to jk, ki, ij. If on all the surfaces 
the sense is taken in such a way that the tetrahedron lies on 
the positive side, then 

dG + dG^ 4- dG^ + dG^ = o 

and therefore 

TdG + TdGj^ + TdG^ + TdG^ = o. 

The last three terms are the forces acting on the corre- 
sponding sides. Since the force acting on dG is in equili- 
brium with these it must be TdG. 
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In the same way the deformation at each point determines 
a tensor field. Consider, for example, a point O of the 
body in the undeformed state and imagine three mutually 
independent but very small vectors ea, eb, €C drawn out 
from O, then the material particles of the body lying on 
these lines will, after the deformation, lie on another set of 
three small vectors ce, ef, eg. The whole deformation in 
the neighbourhood of O is, to a first approximation, affine 
and is therefore represented by the tensor 

T =* ea* + fb* + gc* 

which changes the vectors ea, €b, ec into ee, ef, eg. The 
smallness of the vectors we here 
attribute to e so that the tensor 
is composed of finite vectors. 

Let the deformation of a body 
be specified by a vector s at each 
of its original points, the vector 
representing the displacement 
of the point into its new posi- 
tion. Suppose s given as a 
function of the position vector 
r drawn from a fixed point O to 
the point under consideration, ^ 
then a small change ds will Fig. 34. 

correspond to a small change dr. 

However the form of the relation between s and r, the 
relation between the indefinitely small vectors will be ex- 
pressed by linear equations between their coefficients, and 
therefore the relation between ds and dr will be expressed 
by a tensor T, so that : 

ds = T . dr. 

We might regard T as analogous to a differential coefficient 
except that we are dealing here with the relation between 
two vectors which are differentiated. 

If now the di5placement vector s joins P to Q, if, 
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moreover, dr joins P to P'and s" = s -h joins P' to Q' 
(fig. 34), then the vector QQ' equals 


dv 4* = (i + T), dr. 

The tensor i 4- T thus expresses the relation between the 
undeformed vector PP' and the deformed vector QQ'. If 
for numerical calculation we desire this tensor i + T re- 
ferred to a system i, j, k we must in the first instance 
suppose r and s derived numerically from i, j, k 

r = 4 - ^ j 4- -8rk, 
s = ui + vj + zak, 

and u, w written down as functions of x, z. The three 
vectors 

d^\ dyi; dzk 


are changed by the tensor T into 


Is ds . 2)s - 

— dir; —dy; — dz, 
7>y (>z 


Hence 

T = — i 

Is . 

4* — — J -f- 




'hx 

7>y^ 



and I + T = ( 


0 + ?) 

^ J 4" 1 


\ 


\ dj// 




The nine coefficients of the tensor i 4- T referred to t, j\ k 
are accordingly 


Zu 

dv 

dW 




Zu 

dv 

T 

dW 


dy^ 

dy * 

()» 

dv 


Zs’ 

dz^ 

I 4* -r — * 
dz 


Resolving i 4- T into a symmetric and an asymmetric 
portion 

I + T= I + Tj + tg, 



where 
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If Ti and Tg are so small that vectors of the second order 
in comparison with . r and Tg . r may be neglected, then, 
as we have remarked above, we may put 

I + T = (I + TO (I + TO 
= (I + TO (I + TO 


and we may regard I + T^ as a rotational tensor. Since a 
rotation does not affect the distance between two points, 
and therefore does not deform the body, we may term 


I + Ti 

the deformation tensor. As indicated above, Tj may be 
thrown into the form 

Xii'i' + XOT + ^sk'k', 

then I + Ti assumes the form 

(I + XO *'*' + (I + ^2) j J' + (I + X-s) k'k', 

i.e. the deformation of the element of the body consists of 
three extensions (X > o) or compressions (X < o) along the 
three axis determined by i', j', k'. 

The whole change in position of the element in the 
neighbourhood of P, the end point of r, consists of a parallel 
displacement of P to Q, a rotation i + Tj and extensions 
or compressions i + T^. The sum of the three extensions 
or compressions 

I + Xj + i + X 2 + I +X 3 

equals the value derived from each form of the tensor 
I + T if the two vectors in each term are multiplied scalarly 
together, that is to say, it equals 

(' + S)-‘ + 0 + |)'i + ('‘ + S)-'^ 
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i.e. 


or 


'bU bv bW 

I+ — + I+ — + I+ — , 

c)La? bj^ b^ 


Xj + X2 ^8 


bu bv ^ bw _ ^ 

— + — + = V . s. 

Xi: b2i 


The ratio for the space transformation for the tensor i + T 
is equal to the external product: 


(‘ - s) 0 - g) (- - g)- 


Neglecting terms of the second order in the expansion of 
this expression, we get 


ijk + 

<wr Ij/ 


i.e. 


I 

so that 


bu ^bv ^ bw 
b^ by bJS 


+ (Xi + Xj 4- X 3 ), 


bU bv bw 
bx by bz 


V-s 


is the fraction by which the volume element at P is increased 

bu bv bw , 

or diminished according ^ ^ positive or 


negative. 

If, for example, we consider the case where 


s = €i(k . r), 

Le. where all the points in the ij-plane (k . r = o) are not 
displaced, while every point P outside the plane is displaced 
parallel to i, by an amount e(k.r) = ez which is propor- 
tional to the distance z from the ij-plane but of opposite 
signs on opposite sides of the plane (fig, 35 ), then 

ds»€i(k.dr) 
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and 

I + T = I + dk, 

Ti = |(ik+ki) 

T2=|(ik-ki). 

A cube, one of whose comers lies at O and whose edges 
proceeding from O coincide with the vectors i, j, k, will be 
transformed into a parallelepiped. The corner O and the 
edges from O parallel to i and j remain unaltered. The 
edge parallel to k is changed into 

(i + T)k « k + ei. 



Fig. 35 - 3^. 


This is termed a shearing of the body. This alteration of 
the cube, if c is sufficiently small to allow a neglect of 
terms of the second order in e, may be supposed constituted, 
on the one hand, of a rotation i + Tg about the axis of j 
in the sense of Id through an angle e/2 and on the other 
hand of a deformation 

I + Ti = I + I (ik + Id) 

» (i + I + ii + Ck + I >)k, 

which transforms i and k into i + - k and k + - i wfcle j 
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remains unaltered. An alternative form for this deforma- 
tion tensor is 


(I + e/ 2 ) 


(i -f k) (i + k) 


, , rk - i) (k - i) 

+ Cl - e/ 2 ) ' + jj, 


i.e. it transforms the self-reciprocal system 


i + k . k - i 

(I + e/2) J. (I - 6/2) ; 


or it consists of an extension i 4- e/2 parallel to i -f k and 
a compression i - e/2 parallel to k - i (fig. 36). The ratio 
of the corresponding volumes is 


(i + e/ 2 k)J(k 4 - 6/2!) 

«k 

that is to say, if terms of the second order be neglected the 
volume is unaltered by the deformation. The change is 
merely one of shape and not of volume. 

Consider, on the other hand, the displacement vector s : 



s = ek(k . r). 

Once more all points in the ij-plane I'emain unaffected 
(k . r = o) ; every point P outside the plane is displaced 
parallel to k, that is perpendicular to the plane by an 
amount 

e(k . r) = es, 

that is, proportional to the distance from the plane but in 
opposite directions on opposite sides. Then 


ds = ek(k . dr), 

and 

I 4- T = I 4 . ekk => fl 4 - jj 4- (i 4- 6)kk. 

ThiS“is a symmetric tensor which changes i, j, k into i, j, 
(i + e)k. The ratio of corresponding volumes is I 4- e. 



TENSOR FIELDS 
If now we turn to the general tensor 


im 


I + T . . + g + p + Sk 


as. 




and its symmetrical portion 


^ T + T 

I + Ti = I + — — , 


the latter may be written 

‘ + E)“ + (* + Ds + (‘ + S')"* 


l/lv <)W\ I /Say . .. s 


I /lu 7)V\„ 


vay 

as as as t, , , - - . 

If now ^ , — are so small that the squares of their 

coefficients are negligible, then I + may be resolved 
into a product of six tensors : 

Tiu dv . aw , 

I + I + I + ^kk, 


a;r 


I + 


I /a^ , .N I . M N 


I /a^ az^\. 


which may be applied in any order ; for on multiplying out, 
the product becomes i + if terms up to the first order 
only are retained. Three of these are of the type 

I + €kk, 


and three of the type 
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With an elastic body there exist relations between the six 
coefficients of the deformation texasor and the six coefficients 
of the stress tensor, by means of which the one set may be 
calculated from the other. For sufficiently small deforma- 
tions the relations may be regarded as linear. In particular 
they become simplified when the body is homogeneous and 
isotropic, for in that event the deformation tensor re- 
ferred to a system i, j, k for which the stress tensor is 
thrown into the form 

Xjii + X2jj + Xgkk, 

must likewise assume the same form 

yLtiii -f + //.gkk 

and the operation of /xg on will on grounds of 

symmetry be the same, and equal to that of and jjuy^ on Xg, 
and and on Xg. 

From the equation 

+ b(jj^ + jUg) 

the remaining two may be derived by cyclic substitution of 
the indices, since the elastic properties are the same in 
the different directions. These equations may likewise be 
written in the form 

- b)fi^ + bijj^ + P'z + Ms). 

Denoting the stress tensor by S then : 

S = (« - b)T, + b{^— + ^ + ^)(U + jj + kk). 

In this i, j, k may be any arbitrary self-reciprocal system, 
and u, V, w, jr, y, z the corresponding coefficients of s and’ 

r. For in each of these systems 4- ^ -f- — has the 

^ tiy dz 

same value. If Tj is also referred to this system, i, j, k, we 
derive the six coefficients of the tensor S expressed in terms 
of the six coefficients of T^. If we write V • s for 

Tiu "bv bw 
bxr ^ bj/ b^^ 



TENSOR FIELDS 


201 


then the six coefficients of S assume the form 

'htl "hv 

s, (a: - b)^ + b^.s,{a- (5)-^ + ^V. s 

a - bf'dv 'bw^ a - b (bw ^ bu\ a - bfbu bv^^ 

2 \2)^ b_}^)* 2 \b:t: bs)' 2 \bjy ^ 

and the stress on a vectorial area dP passing through any 
considered point, reckoned per unit of area is 

S . n = (^ 2 ! - V • s)n, 

where da>n is the representation of the vectorial area and d<o 
its numerical value. 

The stress S . n may be described in the following 
manner for different directions of the normal n of unit 
length : 

It consists of two components of which the one is the 
vector into which {a - b)n is transformed by the transforma- 
tion Ti, while the other is proportional to n. 

Let the flow of a fluid be given by the vector field of its 
velocity v as a function of the position vector r of each 
point In the small element of time dt, the displacement 
vector which was represented by s when considering the 
deformation of an elastic body, equals 

s = xdt. 

Hence the vector dr during the element of time dt changes 
into the vector 

= rfr + dwdty 

where dv is the change corresponding to dr when the time 
is constant. 

Let the passage from the vector dr to dy be effected by 
the tensor T, 

dy = T , dr, 

then dr ‘h ds = (i + Tdt) . dr. 

Let the tensor T be resolved into a symmetrical portion 
and an asymmetrical portion Tg, and write 

I 4- Tjjit + T^t 



m 2 


VECTOR ANALYSIS 


in the form of a product 
(I 4- 

or also 

(i + T^d^Xi -h 

The tensor i + represents a pure deformation without 
rotation, while I + is an indefinitely small rotation. 
If for purposes of calculation both tensors are referred to a 
system i, j, k we must set : 

V = + z'j 4* wlCj 

r ^ + ^k. 

If now 

dv = T . dr, 


then T changes the vectors dxi, dy\^ dzk into 


and therefore 


— ta&r, —dVy -^dz, 
c)v, c)v. 

~ r i 4* c j 4“ T — k. 

dJtr (>y Tijs 


Consequently 

_ ^ i/'bv 'dw\^ 

^ 

l/'TiUf 'du\^ 1 f'hu 7)v\ 

_ l/"t)W 7)v\, , l/"i)u '!)w\ 

- ^)(ki - jk) + - ^)(ik - ki) 

i/TiV <)«\^ 

+ ~ 

The rotational tensor 

I + T^i, 

as we have seen above, turns the element of fluid about an 
axis which is at right angles to the vectorial area : 

if&W Sz;\ ifdU 'd7V\ , I/DW c)M\ 

+ ib - 
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by an angular amount equal to which equals the 
numerical value of the vectorial area and in the direction 
corresponding to its sense. Dividing by dt we obtain in 

place of the rotational velocity The vectorial area 

iVv, 

or its representation 

iV X V 


indicates, then, the axis of rotation, the direction of rotation 
and the rotational speed. 

The vector V x v, whose properties we have previously 
investigated, is for these reasons termed ‘‘ the rotation * of 
the fluid/' 

The tensor (i + changes a volume in the ratio 

nu Iv 'hw\ „ 

^ ^ = I + V. 


SO that V • ydt represents the change per unit volume in time 
dt^ and V • v the rate of change. If p is the density of the 
element of fluid considered at time and p + dp its density 
at time ^ + dt^ then the mass per unit volume must on the 
one hand equal p and on the other equal 

{p + + V*v^/), 

i.e. p — p + pyj .ydt + dp^ 


i.e. as we have already found 

V - 


I dp 
p df 


§ 15. Tensor Integrals 

The conception of the tensor field which have been de- 
veloped in a manner similar to that of the vector field and 


* Many writers therefore use, in place of the vector ^ x v of an arbitrary 
field, the symbol rot v- Maxwell writes curl v (the curling of the fluid). 
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field of vectorial area enables us to add to the three 
theorems on the transformation of the surface integrals 

jfifQ; jpdQ ; |F<Ai 

into volume integrals, a fourth theorem by means of which 
the surface integral 

jwa 

may be changed into a volume integral. In this T^Q is a 
vector associated with the element of surface rfQ, and dQ. is 
so chosen that the interior of the volume lies on the positive 
side of dQ. If, for example, T is the tensor field of the 
stresses in an elastic body under any given boundary con- 
ditions, then TdQ are the forces which must be applied to 
the elements of surface dQ on the boundary of any section 
in order to retain the equilibrium. The transformation 
into a volume integral occurs in the same way as with the 
three other cases, by supposing the volume cut up into a 
large number of small parallelepipeds, and the integration 

extended over the boundaries of all the portions. Every 
portion of the new surfaces which does not form part of the 
original surface then arises twice with opposite senses so 
that the two corresponding elements TdQ annul each other, 
and therefore the total integral over the surfaces of all the 
portions equals the original surface integral. 

The integration over a parallelepiped whose edges, pro- 
ceeding from a comer determined by the position vector 

r xa + jyh + zc, 
are given by the vectors 

A^a, Aj/b, Asfc 

(where abc is presumed a right-handed system), is effected 
once more by associating together pairs of parallel elements 
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of surface, for example, the two corresponding to the 
vectorial areas 

bcAj/Asr and - bcAj^A^. 

For the former r . a* = and for the latter r . a* ~ + Ar. 

The two portions of the surface integral then provide to a 
first approximation 

7>r 

- —bcAxAj/Az. 

By ^ is to be understood the tensor obtained when the 

tensor at the pointer-, j/, z is subtracted from that at 

z^ and on dividing by Ax the limit is approached ; or what 
amounts to the same thing, the coefficients of the tensor 
are regarded as functions of y, z and differentiated 
partially with respect to x. 

The three pairs of bounding surfaces then provide to- 
gether 


or, as before, on treating the operator 


7^ he 1 ca c) 

^ ~ ^ abc Ty abc ^ 'dz abc 


as a vectorial area 


- T I VAs^A^'Asrabc 


when AXy Ay^ -Az approach zero, the sum of all these por- 
tions give the volume integral 

— f T 1 Vdr 


where by dr, as before, is meant a right-handed volume 
element. 

It follows that : 

f Tda + fx 1 Vdr = o. 
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If the volume element dr of an elastic body are under the 
influence of forces 

pdr, 

where p represents the corresponding vector field, and if by 
the application of certain surface forces, 

T^fQ, 

the element is maintained in equilibrium, then we must 
have 

I T^/Q + I p^T = o. 

The same equation must, however, be valid when the two 
integrals are extended over the boundary and volume of an 
arbitrary portion of an elastic body. For if this portion is 
cut out, we must bring to bear on the boundary forces TdG 
in order to maintain equilibrium. Hence for every arbitrary 
portion of space 

j* pdr == J T 1 

and consequently 

P = T I V. 

With the stress tensor, therefore, the vector 

T I V 

is simply the force, reckoned per unit of volume, acting at 
each point of the elastic body. 

If the tensor T is thrown into the form 


then 


ea 4- fb + gc, 


T 1 V = T.V 


c)e 


Instead of a, b, c let us insert a self-reciprocal right-handed 
system i, j, k, then 


p - T 1 V 
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presents the conditions of equilibrium in the usual form. 
For then 

e = Tjk, f = Tki, g = Tij 

are the stresses, measured per unit area, in the planes 
passing through the point under consideration and parallel 
to those of jk, ki, ij. 

Using KirchhofTs notation, 

e = + YJ + ZJc 

f = Xj,! + Yj,j + Zj,k 

g = X,i + YJ + ZJc 


and consequently 

T 1 V 


Vi;f + + u /* 


+ 


7)X 

/SY, 




\ ^ 




/az, az az,\ 


If the force p acting on the unit volume is represented in 
the form 

p = Xi + Yj + Zk, 
the condition of equilibrium 

T i V= P 

assumes the usual form : 


SX* SX. 


^ = X 


l>z 


= Y 


7yy 

hZy 7)Zz y. 

T I V 


The form 

has the great advantage of being independent of the system 
of co-ordinates. It is merely necessary to insert the value 
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of V in terms of co-ordinates in order to derive the condi- 
tions of equilibrium for any co-ordinate system. This ap- 
plies with equal validity to curvilinear co-ordinates. 

As we have already pointed out in Chap. II, § 1 1, in the 
latter case we have likewise 




at 


and from this it follows that 


T I V = T, V 


2)T ^ iT 


<)97 




Since, as was shown in Chap. II, § ii. 


Ticoe* 

Sfflf* 

<)G)g* 




we must also have 



2 ia>e* _ 

liTJ 



Hence for T/V we may also write 

I i>T.a)e* laX.wf* 

TV- Tfe — + + , * ■ 

G> of €0 1^7} Q> 7)^ 

The nine coefficients of the tensor are written for this pur- 
pose with double indices, and at the same time it is advis- 
able to substitute for the letters 77, f representing the 
variables, the symbols ^2* f3> ^-nd similarly with the 
corresponding vectors ^3. 


Let T *= [summed up for X = i, 2, 3 

^ = 1, 2, 3] 

then 

T . a>e*x = ®T^e*.. [summed up for <r = I, 2 , 3] 
and consequently 


T j V = 


I £)®Tt 
to 


<r 


+ t; 






(sums X, <r). 
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For the scalar product : 

Christoffel writes the symbol 

m. 


t>®ii - DCa. 




t 


so that we obtain 






II 



- - 


and 




T 1 V - 

a? 


c)a)T^ 

M 

[summed over /<6 == i, 2, 3]. 

If p is the force vector, the conditions of equilibrium 

T I V= P 

would be written in curvilinear co-ordinates in the form 

The terms p . e,t are the coefiicierits of the force referred to 
the system 

A few further remarks may be added concerning the 
derivation of the expressions : 


m- 




= e* 


7>r 


We have that : 


e*. = . e%)e. 


+ These equations follow from e*<r . e^t ** o or i and from = 3^3^" 


14 
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Hence : 


{V} =5(e^ . e%)(e. 




If the quantities . e*, are known then the quantities 

may be evaluated as soon as • ^|^have been found. 

The latter, however, may be obtained from the quantities 
. 0 ;^. We have in fact : 

^ ^ e 4- e 

Hil 

By cyclical substitution of t, X,, fi the following additional 
equations are derived : 




7)e^ . e,. 


De, 

<)e, 






e, + e,,. 


Of the six quantities on the right-hand sides certain pairs 
are equal ; for example. 


since 


■ 

II 

■ Hr 


= ^ = 



Hr 

H^^^r 


Multiplying the third equation by - i and adding the three 
equations together it follows that : 


<>e^ . ex. . ^ex . e„ 


The quantities 


+ 


Hr 

7>e^ 


ae,, ■ e^ 

i)0u 




are represented by Christoflfel by : 
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The quantities may be derived from the coefficients 
of the expression : 

dr. dr 

The terms e\ . follow on reversing the equations 

ft 

or else from 

From the quantities and e\ . e%, the quantities 

are then found. 


§ l6. COGRADIENCE AND CONTRAGRADIENCE 


If a vector p is numerically derived from three vectore 


e, f, g, 




and if instead of e, f, g three other unit vectors a, b, c ar 
introduced : 


e = + c^c 

1. f = a 2 & + + qjC 

g = a^a + + c^c 

then we obtain 


where 


p = ^a + 97b + ^c, 


11 . 


^ = ajX + a2y + 

7) 6^x + b^y + b^z 

c^x + r’ay + 


This indicates that the new coefficients 77, f do not stand 
in the same relation to the old ones, x, Zy as the new unit 
vectors <2, by c to the old e^f^g. If, on the other hand, the 
reciprocal unit vectors e*, f*, g* and a*, b*, c* those re- 
ciprocal to a, b, c be considered, then it is apparent that| 
a*, b^ c* are derived from e*, f*, g* by means of exactl|l 
the same equations as when f is derived from x, y, z. 
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For the tensor T which leaves every vector unaltered, as 
has already been indicated, can be thrown into the form : 

T =■ ee* + ff* + gg* = aa* + bb* + cc*. 

Inserting the expressions I, for e, f, g and arranging the 
terms according to a, b, c we find 

T = a(<2ie* + a^f* + a^g) 

+ b(iie* + b^* + 

+ c(^ie* + c^* + rgg*), 

and consequently 

a* = ^r^e* + + a^g* 

b* = + b^* 

c* = 

from which it appears that the new reciprocal unit vectors 
a% b*, c* stand in the same relation to the old reciprocal 
unit vectors e*, f*, g* as the new coefficients f stand 
to the old X, y^s. 

If the vector p is derived from the reciprocal unit 
vectors 

p = + y*f* + ^*g* = |*a* + i7*b* + ^c*, 

then the coefficients P, tf, bear to x*, y*, z* the same 
relation as the unit vectors a, b, c bear to e, f, g. For if 
for a.*, b*. c* the expressions in terms of e*, f*, g* are 
inserted and the terms arranged according to e*, f*, g*, then 
on comparing with x*t)* + y*f* + z*g* we obtain the 
following equations ; 

X* + bjTi* + 
y* = + b^r,* + 

z* = 

which correspond exactly to equations L 

In order to express this property between the coefficients 
and the unit vectors shortly, we say, “the coefficients are 
transformed contragradiently to the unit vectors to which 
they relate and cogradiently to the reciprocal unit vectors.” 
The word cogradient implies the same type of transforma- 
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tion in the passage to new unit vectors and the correspond- 
ing new coefficients. 

Using affixes to distinguish the various unit vectors and 
coefficients, then the contragradience is best indicated by 
using a suffix in one case and an index in the other. Ac- 
cordingly we write 

indicating by the position of the index that for instance e^, 
^21 are contragradient to e®, while are co- 

gradient to X2, x^* 

At the same time, for the sake of brevity, it is advisable to 
avoid writing the sum out in full but merely 

p = x% = x^^ 

where it is implied by the occurrence of the affix i twice, 
that the sum is intended to be taken over z = i, 2, 3. 
In analogous manner we may deal with the coefficients and 
units of tensors. We write 

T = 

where the indices run through the values z', k independently 
and the sum is taken of the nine terms. The nine 
quantities are the coefficients of the tensor and the nine 
tensors are the units to which the coefficients refer. In 
the passage to the new unit vectors f^, there enter in place 
of the nine unit tensors the new unit tensors f;^f^ linearly 
connected with them, 

The new coefficients are then likewise linearly expressed 
in terms of the old coefficients. 

Let = /^f A 

and therefore 

where again the summation is to be extended on the right- 
hand side over the various values of the index appearing 
above and below. Then 

e,*e, 
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and 

and T = 

consequently 

This implies that the are transformed in the passage 
to the new unit vectors contragradiently to and co- 
gradiently to This property of the is expressed by 

putting both indices above. If the tensor T is taken with 
reference to the reciprocal units the corresponding 
coefficients for a similar reason are written with suffixes : 

T = 

Use might also be made of e,* in place of the first vector 
and for the second, or vice versa, and then the following 
forms are derived for the same tensor : 


or 

T « 

ft t 

These are termed “ mixed” forms. 

If the tensor T is “self-conjugate or symmetric,” then, as 
explained above, it is unaltered by interchanging the two 
vectors in each of its terms, i.e. 

ik k k 

A symmetric tensor then possesses merely one mixed form ; 
and conversely if a tensor possesses only one mixed form it 
is symmetric. 

For if in the form 

T = 

the two vectors in each term can be interchanged without 
altering the tensor, it is self-conjugate. 

An asymmetric tensor is transformed into its opposite if 
the two vectors are interchanged in each term. For an 
asymmetric tensor 

; 
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and at the same time 

= o; an = o. 

As we have seen above, the vectorial multiplication of a 
vector p with a second vector may be replaced by the 
application of an asymmetric tensor T to. p. 

Then, if 

T = and p = 

we get 

T . p = . p) = 

Hence the coefficients of the v-ctor T . p are equal to the 
three sums a*’‘p^, or written cut in full : 

d■^p^ + + d^^ps, 

a^^p-i_ -h d^'^p^ + 

or, remembering that 

0 ^'^ — = o, and 

the three coefficients are : 

a^^p^ - aP^p^, - cd^p^ + aP'^p^ - cP^p^ 

These are the coefficients of the vectorial product 

p X q, 

where the vector q equals the representation of the vectorial 
area 

In place of the vector, its representation may be introduced, 
viz. the vectorial area : 


and instead of 


T. p = p X q 
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we would write 

TP « PQ. 

Every vectorial area Q stands accordingly in a close relation 
to an asymmetric tensor T, and conversely. The vectorial 
area- can be derived numerically from the three external 
products egCg, ege^, by means of the three correspond- 
ing coef 5 Scients : 

Q = 

Writing for - we may equally 

well put 

Q = 

since the external products Cgeg, egCj, Cj^eg are equal and 
opposite to egCg, e^eg, ege^. 

Adding both expressions, however, we find 

2Q = a**efe*, 

the sum on the right-hand side being extended over the 
values z = ij 2, 3 and k i, 2, 3. 

The asymmetric tensor T has exactly the same form, 

T = 

except that the six quantities do not here mean external 
products, but the six unit tensors from which the asymmetric 
tensor T is numerically derived. 

In this case but the six tensors are 

merely numerically independent of each other. As has 
already been remarked in § 9, from the asymmetric tensor 
we derive the vectorial area corresponding to it, by replac- 
ing the unit tensors by the external products and 
dividing by two. In the expression for T the terms may 
be associated in pairs of the type and : 

T = a:*®(eae3 - 6363) + <z”(e3ei - 8163) + - CjCi), 

In this form T is derived numerically from the three 
asymmetric tensors : 
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that is to say, no more than three linearly independent 
asymmetric unit tensors are required. The coefficients of 
T ^ in relation to these three asymmetric tensors coincide 
with the coefficients of the vectorial area Q in relation to 
the three unit vectorial areas e^eg, eiCg. Written in 

contragradient units,, we have 

T = 

and Q = 

where again in the expression for Q each term represents 
the external product of the two vectors. Accordingly both 
the vectorial product of a vector p with a vector q, which 
denotes the representation of q, and the external product of 
a vectorial area P with a vectorial area Q may be expressed 
by means of the asymmetric tensor T belonging to the 
vectorial area Q, For, as we saw before : 

T . p = p . q and TP = PQ. 

In certain circumstances there is a distinct advantage in 
utilising this and replacing the vectorial product or the 
external product of two vectorial areas by an asymmetric 
tensor. 

The velocity v, for example, of a point of a rigid body 
rotating about an axis may be presented in the form 

V = T . r. 

In this r is the position vector from some point of the axis 
to the point of the body under consideration. T is an 
asymmetric tensor, 

T = = - a^*) 

and the vectorial area 

Q = 

obtained from T by regarding as an external product, is 
at right angles to the axis of rotation, and its numerical 
value is the velocity of rotation. The direction of rotation 
is opposed to that of the of Q. 

As an illustration let us consider the motion of a rigid 
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body about a fixed point, there being no forces in operation 
other than those implied by this condition. . Let v be the 
velocity of the element of mass dm and r its position vector 
measured from the fixed point Then the sum of the 
angular momenta 

jrvdm 

is a constant vectorial area which we will represent by F. 
For the vector v we write 


so that we have 


where 


V = T • r = 

F = e., 

A A t’ 

r = = J? e*. 

A n! 


The quantities are the coefficients of a symmetric 
tensor : 

T' = =* jrrdm. 

Accordingly the unit vectors may be so chosen that they 
coincide with the principal axes of T and constitute a self- 
reciprocal right-handed system. This system is fixed to 
the rigid body as must follow directly from the definition 
ofT: 

T' = jrrdm. 

For the position vector r of each element dm is fixed with 
reference to the body. T' may be termed the inertia tensor 
of the body. Its principal axes are the principal axes of 
inertia for the fixed point of the body. 

For this self-reciprocal system there is now no longer any 
necessity to distinguish between the upper and the lower 
affixes, while, moreover, the coefficients when is not 
equal to X vanish. 
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The vectorial area P which represents the total angular 
momentum may then be expressed in the form 

P “ 

or writing it in full, and remembering that 

P = a^\f, + + ^)eie2. 


The differential equations are completely expressed by the 
condition 

dF 
dt ~ 


i.e. by the condition that the angular momentum does not 
vary. To set these equations out in terms of the coefficients 
it must be noted that the unit vectors vary according to 
the formula 


d^i 

dt 




For if is drawn from the fixed point it is the position 
vector of a point fixed in the body, the velocity of which is 
provided by the rotation tensor T. The quantities 

^ + 4 4 + 4 4 + 4 

are the three principal moments of inertia, and for these we 
will use the letters Aj, Ag, Ag. 

On differentiating the first term of F we find : 

Ai-^egCg + Ai^^W^eiCg + 

The differential coefficients of the other^ two terms are 
derived by cyclic substitution. The coefficient correspond- 
dF 

ing to egCg in ^ is then equal to : 
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Now since the vanishing of requires the vanishing of its 
three coefficients we obtain the equation 

= o 

and other two derived from this by cyclic substitution of 
the indices. 

As proved above, the direction of rotation is the reverse 
of that of the sense of the vectorial area : 

Q = 

If it is desired, as is usually the case, to introduce the vector 
q which is parallel to the axis of rotation and represents the 
angular velocity in the usual manner in the sense of a right- 
handed screw, then we must set : 

q =s - I Q = 

These differential equations for the coefficients of the 
rotational velocity were first set up by Euler. To effect 
their integration and deduce the circumstances of the motion, 
it is better to return to the vectorial areas F and Q. 

Concerning F, we know that it is constant, and conse- 
quently the square of its numerical value is a constant scalar 
quantity : 

F I P = 

The vectorial area Q provides with F the scalar : 

Q I F - (a^yA^ + (a^yA^ + (a?yA^. 

Since the coefficients of Q represent the rotational velocities 
about the three axes, and the quantities A are the moments 
of inertia, Q ) F is twice the kinetic energy and thus a second 
scalar constant is at once derived : 

Q 1 F == 

Both constants might have been derived as constants of 
integration from the differential equations. We need merely 
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multiply them in order by a®*, cP- and with Aja!^®, 

Aj^®^ and add, so that we get the equations 


+ Aa^i®^ + A3«®^ ^ = o, 

at at at 


and 


+ A®^1® + A|«®^ ^ 

at at at 


= o 


and the integrals of these provide us with the equations 
p \ p =, and Q 1 F = ^* 2 . 

These two equations enable the three components of the 
angular velocity to be expressed algebraically in terms of 
one of them, which itself is obtained as an elliptic function * 
of t. It is not, however, for this reason that these equations 
have been developed here but rather because they are 
eminently suitable for providing a clear representation of 
the motion. 

By means of the symmetric tensor 

T = AjCjCj 4- A2©2®2 A3e3e3 


the representations of - F and - Q, viz. 

f = - I F and q ] Q, 

are directly connected. 

f - T.q, 


or as we may also express it, f is one half the gradient of 
the scalar function (T.q).q, belonging to the symmetric 
tensor (cf. Chap. Ill, § 5^ The scalar function equals 

(T . q) . q = f . q = F 1 Q = + A^\, 

where the coefficients of q are represented by x^, x^. 

"When equated to a constant it provides the equation of 
the momental ellipsoid. The vector q, which represents 
the instantaneous axis of rotation and the angular velocity 


* Compare, for example, G. KirchhofF ; Mechanik, “ 7^^ lecture,” § i. 
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may accordingly be imagined as a radius leading from a 
fixed point to a point of the ellipsoid : 

Aj^ + A2^ + A^^ = 


The vector of angular momentum f as half the gradient of 
the scalar function must have the direction of the perpen- 
dicular that may be dropped from the fixed point on to the 
tangent plane at the end of q. Accordingly this perpendicu- 
lar is equal to 


i 


f . q 


Since, 


For it has the direction of f, and a length 

^ 

however, both f and f . q are constant, it follows that during 
the motion of the rigid body this perpendicular must always 
maintain the same direction and length, i.e. the tangent 
plane must always remain fixed. In other words, the 
ellipsoid can only occupy such positions as allows it to touch 
the fixed tangent plane. The vector joining the fixed centre 
of the ellipsoid to the point of contact gives the instantaneous 
axis of rotation and the angular velocity. The point of 
contact at each instant lies on the axis of rotation and there- 
fore has zero velocity. Imagine the succession of points of 
contact drawn both on the tangent plane and on the surface 
of the ellipsoid ; they determine two curves one of which is 
fixed and the other rolls upon it The possible curves on 
the ellipsoid are algebraic for they are lines of intersection 
of the ellipsoid 

f • q = Aj^ + A^^ Ag^ =5= 
with the ellipsoid 

f.f = A?;rf + A^ + = 

To construct a picture of the sequence of lines of intersection 
suppose the former ellipsoid held fixed. The squares of its 
semi-axes are : 

c^A.2j ^j/Ag. 
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The ellipsoid f .f =« on the other hand, can alter by 
allowing to increase. The squares of its semi-axes are : 

Let Ai<A 2<A3 then in both ellipsoids the first semi-axis 
is the greatest, and the last is the smallest. In the ellipsoid 
f . f = however, the relative differences of the three axes 
are greater, i.e. the ratio of the largest to the middle one or 
to the smallest is greater than the corresponding ratio for 
the other ellipsoid. The smallest value of q for which the 
two ellipsoids have points in common will therefore be that 
for which the major axes coincide : 

q/Aj^ = c^j Aj^ or ~ ^2^1 > 

the largest value of for which they still have points in 
common is that for which the smallest axes coincide : 

= ^2/^3 or « rjAg. 

If increases slightly beyond the smallest value the line 
of intersection consists of two closed curves which encircle 
the end-point of the major axis of the momental ellipsoid, 
while if is slightly smaller than the largest value the line 
of intersection is composed of two closed curves encircling 
the small axis. If increases from the smallest value 
to the largest the closed curves of the first type must 
transform into those of the second type. The transition is 
determined by the curves of intersection obtained from 
c-^ =: ^aAg, when the two ellipsoids touch at the terminal 
points of the middle axis. The curve of intersection has 
two double points at these points. It divides the surface 
of the momental ellipsoid into four separate portions. Two 
portions which surround the si^allest axis lie outside the 
ellipse f . f = ^2^2 and two portions surrounding the largest 
axis lie inside. For the curve of intersection en- 
circles the greatest axis, for the smallest. 

For the rotation about the principal axes 

q = ± = ± ‘i = ± Vx 
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and corresponding to each of these f = Ajq, or f = AgQ, or 
f = Agq. In all three cases the equations of motion are 
satisfied if the rotational vector q is assumed constant. 
There is, however, an essential difference between rotation 
around the middle axis and the rotations around the other 
two axes. A small change of the angular momentum f, for 
instance, communicated by a small impulse would throw the 
rotation vector q slightly out of the principal axis. With 
the greatest and least axes the end-point will describe a 
closed curve on the momental ellipsoid about the terminal 
point of the corresponding axis, so that it always remains 
in the vicinity of that axis. And since, moreover, the 
normals of the momental ellipsoid in the neighbourhood of 
the h.xis make only a small angle with it, it follows that 
during the motion the axis will be unable during the 
motion of the rigid body to depart to any great extent from 
the constant momentum vector f. With the middle axis, on 
the other hand, by a slight impulse the end-point of q will 
be thrown on to a curve along which it will move until it 
reaches the vicinity of the opposite end of the axis, so that 
the rotation vector in the intermediate range will make all 
angles with the middle axis. 
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Unrecognized Human Faculty. Seventh 
Edition. Cr. 8vo. 7s. 6d. net. 

MODERN PROBLEMS. Cr.Svo. 7s.6d.net. 
RAYMOND ; or Life and Death. 
Illustrated. Twelfth Edition. Demy Svo. 
10s. 6d. net. 

RAYMOND REVISED. (Abbreviated 
edition). Cr. Svo. 6s. net. 

Loring (F. H.). ATOMIC THEORIES. 

Second Edition. Demy Svo. las. 6d. net. 
Lucas (E. V.) — 

The Life of Charles Lamb, 2 vols., 21s. 
net. A Wanderer in Holland, ios. 6d. 
net. A Wanderer in London, ios. 6d. 
net. London Revisited, ios. 6d. net. A 
Wanderer in Paris, ios. 6d. net and 6s. 
net. A Wanderer in Florence, ios. 6d. 
net. A Wanderer in Venice, ios. 6d. net. 
The Open Road : A Little Book for 
Wayfarers, 6s. 6d. net. The Friendly 
Town : A Little Book for the Urbane, 
6s. net. Fireside and Sunshine, 
6s. net. Character and Comedy, 6s. net. 
The Gentlest Art : A Choice of Letters 
by Entertaining Hands, 6s. 6d. net. The 
Second Post, 6s. net. Her Infinite 
Variety : A Feminine Portrait Gallery, 
6s.net. Good Company: A Rally of Men, 
6s. net. One Day and Another, 6s. net. 
Old Lamps for New, 6s. net. Loiterer*s 
Harvest, 6s. net. Cloud and Silver, 6s. 
net. ABoswellofBaghdad, AND other 
Essays, 6s. net. 'Twixt Eagle and 
Dove, 6s. net. The Phantom Journal, 
AND other Essays and Diversions, 6 s . 
net. Specially Selected ; A Choice of 
Essays, 7s. 6d. net. Urbanities. Illus- 
trated by G. L. Stampa, 7s. 6d. net. 
Giving and Receiving. 6s. net. You 
Know what People Are. 5s. net. 
The British School; An Anecdotal 
Guide to the British Painters and Paint- 
ings in the National Gallery, 6s. net. 
Roving East and Roving West ; Notes 
gathered in India, Japan, and America. 
5S. net, Edwin Austin Abbey, R.A. 
2 vols. £6 6s. net. Vermeer of Delft, 
IOS. 6d. net. 

Masefield (John). ON THE SPANISH 
MAIN. A new edition. Cr.Svo, 8s.6d.net. 
A SAILOR’S GARLAND. Second 
Edition. Cr. Svo. 6s. net. 

SEA LIFE IN NELSON’S TIME. Illus- 
trated. Second Edition. Cr. Svo. 5s. net. 
Meldrum (D. S.). REMBRANDT’S PAINT- 
INGS. Wide Royal Svo. £3 5s. net 


Methuen (A.). AN ANTHOLOGY ’ OF 
MODERN VERSE. With Introduction 
by Robert Lvnd. Eleventh Edition* 
Fcap. Svo. 6s. net. Thin paper^ leather, 
7 s. 6 d. net. 

SHAKESPEARE TO HARDY ; An An- 
thology OF English Lyrics- With an 
Introduction by Robert Lynd. Fcap. 
Svo, 6s. net. Leather, 7 s. 6 d. net. 
McDougall (William). AN INTRODUC- 
TION TO SOCIAL PSYCHOLOGY. 
Seventeenth Edition. Cr. Svo. 8s. 6 d. net. 
BODY AND MIND: A History and a 
Defence of Animism. Fifth Edition. 
Demy Svo. 12s. 6 d. net. 

NATIONAL WELFARE AND NATIONAL 
DECAY. Cr. Svo. 6s. net. 

Maeterlinck (Maurice) — 

The Blue Bird : A Fairy Play in Six Acts 
6s. net. Mary Magdalene : A Play in 
Three Acts, 5s. net. Death, 3s. 6 d. net. 
OuR Eternity, 6s. net. The Unknown 
Guest, 6s. net. Poems, 5s. net. The 
Wrack of the Storm, 6s. net. The 
Miracle of St. Anthony : A Play in One 
Act, 3s. 6 d. net. The Burgomaster op 
Stilemonde ; A Play in Three Acts, 5s. 
net. The Betrothal ; or. The Blue Bird 
Chooses, 6s. net. Mountain Paths, 6i. 
net. The Story of Tyltyl, 21s, net. 
The Great Secret. 75. 6 d. net, 

Milne (A. A.)— 

Not that it Matters. Fcap. Svo. 6 s. 
net. If I May. Fcap. Svo. 6 s. net. 
Newman (Tom). HOW TO PLAY BIL- 
LIARDS. Illustrated. Cr. Svo. Ss. 6 d. 
net. 

Oxenham (John) — 

Bees in Amber ; A Little Book of 
Thoughtful Verse. Small Pott 8va. 
Stiff Boards. 2S. net. All’s Well; 
A Collection of War Poems. The King’s 
High Way. The Vision Splendid. 
The Fiery Cross. High Altars : The 
Record of a Visit to the Battlefields of 
France and Flanders. Hearts Coura- 
geous. All Clear ! All Small Pott 
Svo. Paper, is. 3d. net ; cloth boards, as. 
net. Winds of the Dawn. Gentlemen 
— ^The King, 2s. net. 

Petrie (W. M. Flinders). A HISTORY OF 
EGYPT. Illustrated. Six Volumes. Cr. 
Svo. Each gs. net. 

VoL. I. From the 1 st to the XVIth 
Dynasty. Tenth Edition, (izs.net.) 
VoL. II. The XVIIth and XVIIIth 
Dynasties. Sixth Edition. 

VoL. III. XIXth to XXXth Dynasties. 
Second Edition. 

VoL. IV. Egypt under the Ptolemaic 
Dynasty. J.P.Mahaffy, Second Edition. 
VoL. V. Egypt under Roman Rule. 

J. G. Milne. Second Edition. 

VoL. VI. Egypt in the Middle Ages. 
Stanley Lane Poole, Second Edition. 
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SYRIA AND EGYPT, FROM THE TELL 
EL AMARNA LETTERS. Cf. &)o. 
5s. 

EGYPTIAN TALES. Translated from the 
Papyri. First Series, ivth to xnth 
Dynasty. Illustrated. Third Edition. 
Cr. 8vo. ss. net. 

EGYPTIAN TALES. Translated from the 
Papyri. Second Series, xviiith to xrxth 
Dynasty. Illustrated. Second Edition. 
Cr. Svo. ss. net. 

Pollitt (Arthur W.). THE ENJOYMENT 
OF MUSIC. Second Edition. Cr. Svo. 
Ss. net. 

Price (L. L.). A SHORT HISTORY OF 
POLITICAL ECONOMY IN ENGLAND 
FROM ADAM SMITH TO ARNOLD 
TOYNBEE. Eleventh Edition. Cr. 8vo. 
5 *. net. 

Selous (Edmund) — 

XouHY Smith’s Akimals. Tommy 
Smith’s Otmkr Amimals. Tommy Smith 
AT THs: Zoo. Tommy Smith again at 
THX Zoo. Each ss. gd. Jack’s Inskcts, 
ss. 6d. Jack’s Othkr Insects, 3s. 6d. 
Shelley (Percy Bywho). POEMS. With 
an Introduction by A. Clutton-Brock 
and Notes by C. D. Locock. Two 
Volumes. Demy Svo. £1 is. net. 
SHELLEY: THE MAN AND THE POET. 

By A. Clutton-Brock. Fcap Svo. 7s.6s.net. 
Smith (Adam). THE WEALTH OF 
NATIONS. Edited by Edwin Cannan. 
Two Volumes. Third Edition. Demy 
Svo. £x ss. net. 

Smith (S. C. Kalnes). LOOKING AT 
PICTURES, llustrated. Second Edi- 
tion. Fcap. Svo. 6s. net. 

Sommerfeld (Prof. Arnold). ATOMIC 
STRUCTURE AND SPECTRAL LINES. 
Demy Svo. 32s. net. 

Stevenson (R. L.). THE LETTERS OF 
ROBERT LOUIS STEVENSON. Edited 
by Sir Sidney Colvin. A New Re- 
arranged Edition in jour volumes. Fourth 
Edition. Fcap. Svo. Each 6s. net. 
Surtees (R. S.)— 

Handley Cross, 7s. 6d. net. Mr. 

Sponge’s Sporting Tour, 7*. 6d. net. 
Ask Mamma : or. The Richest Commoner 
in England, 7s. 6d. net. Jorrocks’s 


Jaunts and Jollities, 6s. net. Mr. 
Facey Romford’s Hounds, 7s. 6d. net. 
Hawbuck Grange ; or. The Sporting 
Adventures of Thomas Scott, Esq., 6s. 
net. Plain or Ringlets ? 7s. 6d. net. 

Hillingdon Hall, 7s. 6d. net. 

Tllden (W. T.). THE ART OF LAWN 
TENNIS. Illustrated. Fourth Edition. 
Cr. Svo. 6s. net. 

Tlleston (Mary W.). DAILY STRENGTH 
FOR DAILY NEEDS. Twenty-eighth 
‘ Edition. Medium i6mo. 3s. 6d. net. 

Underhill (Evelyn). MYSTICISM. A 
Study in the Nature and Development ot 
Man’s Spiritual Consciousness. Ninth 
Edition. Demy Svo. 15s. net. 

THE LIFE OF THE SPIRIT AND THE 
LIFE OF TO-DAY. Cr. Svo. Ss. 6d. net. 

Vardon (Harry). HOW TO PLAY GOLF. 
Illustrated. Sixteenth Edition. Cr. Svo. 
SS. 6d. net. 

Waie (G. W.). NEW TESTAMENT 

HISTORY. Demy Svo. 18s. 

OLD TESTAMENT HISTORY. Ninth 
Edition. Cr. Svo. 7s. 6d. net. 

Waterhouse (Elixaheth). A LITTLE BOOK 
OF LIFE AND DEATH. Twenty-first 
Edition. Small Pott Svo. as. 6d. net. 

Wells (J.). A SHORT HISTORY OF 
ROME. Eighteenth Edition. With 3 
Maps. Cr. Svo. 5s. 

Wilde (Oscar). THE WORKS OF OSCAR 
WILDE. Fcap. Svo. Each 6s. 6d. net. 

I. Lord Arthur Savile’s Crime and 
THE Portrait op Mr. W. H. ii. The 
Duchess op Padua, hi. Poems, iv. 
Lady Windermere’s Fan. v. A Woman 
OP No Importance, vi. An Ideal Hus- 
band. VII. The Importance op Being 
Earnest, viii. A House of Pome- 
granates. IX. Intentions, x. De Pro- 
puNDis AND Prison Letters, xi. Es- 
says. XII. Salome, A Florentine 
Tragedy, and La Sainte Courtisane. 
XIII. A Critic in Pall Mall. xiv. 
Selected Prose of Oscar Wilde, 
XV. Art and Decoration. 

FOR LOVE OF THE KING. A Burmese 
Masque. Demy Svo. 8s. 6d. net. 

Yeats (W. B.). A BOOK OF IRISH 
VERSE. Fourth Edition. Cf. Svo. 7s. net. 


Part II . — A Selection of Series 
The Antiquary’s Books 


Demy Svo. 10s. 6d. net each volume. 
Ancient Painted Glass in England. 
Archaeology and False Antiquities. 
The Bells op England. The Brasses 
OF England. The Castles and Walled 
Towns op England. Celtic Art in 
Pagan and Christian Times. Church- 
wardens’ Accounts. The Dokesdat 
Inquest. English Church Furniture. 
English Costume. English Monastic 
Life. English Seals. Folk-Lore as 
AN Historical Science. The Guilds and 
Companies of London. The Hermits 
AND Anchorites of England. The 


With Numerous Illmtrations. 
Manor and Manorial Records. The 
Medi 4 sval Hospitals of England. 
Old English Instruments op Music. 
Old English Libraries. Old Service 
Books op the English Church, Parish 
Life in Mediaeval England. The 
Parish Registers op England. Re- 
mains of the Prehistoric Age in Eng- 
land. The Roman Era in Britain. 
Romako-British Buildings and Earth- 
works. The Royal Forests of Eng- 
land. The Schools of Medijeval Eng- 
land. Shrines of British Saints. 
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The Arden Shakespeare 

General Editor, R. H. CASE 
Demy Svo. 6^. nei each volume 

An edition of Shakespeare in Single Plays ; each edited with a full Intro- 
duction, Textual Notes, and a Commentary at the foot of the page. 

The Arden Shakespeare will be completed shortly by the publication of 

THE SECOND PART OF KING HENRY IV. Edited by R. P. Cowl. 

MUCH ADO ABOUT NOTHING. Edited by Grace Trenery. 

Classics of Art 

Edited by Dr. J. H. W. LAING 
With numerous lUustraiions, Wide Royal ^vo 

Thx Art of tus Grexks, net . Ths Etchings, 315. td , net . Rshbrahdt's 

Art of the Romans, 165. net . Chardin, Paintings, 635. net . Rubens, 30s. net . 

15s . net . Donatello, 163. net . George Tintoretto, 16s. net . Titian, 163. net . 

Rommey,i 53 . Ghirlandaio, 1 53.nrf. Turner’s Sketches and Drawings, 
Lawrence, 253. n«L Michelangelo, 153. 15s . net . Velasquei:, 15$. 
net . Rafhasl, 15s . net . Rembrandt’s 

The ‘ Complete ’ Series 

Fully Illustrated. Demy Svo 

The Comflete Airman, 163. net . The 53. net . The Complete Lawn Tennis 

Complete Amateur Boxer, 103. 6d . net . Player, 123. 6d . net . The Complete 

The Complete Association Foot- Motorist, ios. 6d . net . . The Complete 

BALLER, 103. 6d . net . The Complete Mountaineer, 183. nei . The Complete 

Athletic Trainer, ios. 6d . nei . The Oarsman, 153. net . The Complete 

Complete Billiard Player, 103. 6d . PH 0 T 0 GRAPHER,r 23 . 6 rf.n 3 ;.THEC 0 MPLETE 

nei . The Complete Cook, 103. 6d . net . Rugby Footballer, on the New Zea- 

The Complete Foxhunter, 163. net . land System, 123. 6d . nei . The Com- 

The Complete Golfer, 123. 6d . net . plete Shot, 163. net . The Complete 

The Complete Hockey Player, ios. 6d . Swimmer, ios. 6d . net . The Complete 
net . The Complete Horseman, 15s. Yachtsman, 183, net , 
net . The Complete JujiTsuAN. Cr . Bvo . 

The Connoisseur’s Library 

With numerous Illustrations. Wide Royal Svo. £i iT.s.6d. net each volume 

English Coloured Books. Etchings. Ivories. Jewellery. Mezzotints. 

European Enamels. Fine Books. Miniatures. Porcelain. Seals. 

Glass. Goldsmiths* and Silversmiths* Wood Sculpture. 

Work. Illuminated Manuscripts. 

Handbooks of Theology 

Demy Svo 

The Doctrine of the Incarnation, 153. the Creeds, 12s. 6d . net . The Philosophy 

net . A History of Early Christian of Religion in England and America, 

Doctrine, 163. net . Introduction to 123. 6d . net . The XXXIX Articles of 

THE History of Religion, 12s. 6d . net . the Church of England, 15s. net . 

An Introduction to the History op 

Health Series 

Fcap. SvOe as. 6d. net 

The Baby. The Care of the Body. The Long. The Prevention of the Common 

Care of the Teeth. The Eyes of our Cold. Staying the Plague. Throat 

Children. Health for the Middle- and Ear Troubles. Tuberculosis. 

Aged. The Health of a Woman. The The Health of the Child, 2s . nei - 

Health of the Skin. How to Live 
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The Library of Devotion 

Handy Editions of the great Devotional Books, well edited 
With Introductions and (where necessary) Notes 
Small Pott SvOt cloth, 3s. net and 3s. 6 d, net 


Little Books on Art 


With many Illustrations, Demy i 6 mo. 55. net each volume 


Each volume consists of about 200 pages, and contains from 30 to 40 
Illustrations, including a Frontispiece in Photogravure 


Albrecht BtJRER. The Arts op Japan. 
Bookplates. Botticelli. Burne- 
Jones. Cellini. Christian Symbolism. 
Christ in Art. Claude. Constable. 
Corot. Early English Water-Colour. 
Enamels. Frederic Leighton. George 
Romney. Greek Art. Greuze and 


Boucher. Holbein. Illuminated 
Manuscripts. Jewellery. John Hopp- 
ner. Sir Joshua Reynolds. Millet, 
Miniatures. Our Lady in Art. 
Raphael. Rodin. Turner. Vandyck. 
Watts. 


The Little Guides 

With many Illustrations by E. H. New and other artists, and from 

photographs 

Small Pott Svo, 45. net to ys. 6 d. net. 

Guides to the English and Welsh Counties, and some well-known districts 

The main features of these Guides are (i) a handy and charming form ; 
(2) illustrations from photographs and by well-known artists ; (3) good 
plans and maps ; (4) an adequate but compact presentation of everything 
that is interesting in the natural features, history, archaeology, and archi- 
tecture of the town or district treated. 


The Little Quarto Shakespeare 

Edited by W, J. CRAIG. With Introductions and Notes 

Pott i 6 mo, 40 Volumes, Leather, price is, gd. net each volume 
Cloth, IS, 6 d, net. 


Plays 


Fcap, Svo, 

Milestones. Arnold Bennett and Edward 
Knoblock. Eleventh Edition. 

Ideal Husband, An. Oscar Wilde. Act- 
ing Edition. 

Kismet. Edward Knoblock. Fourth Edi- 
iiott. 

The Great Adventure. Arnold Bennett. 
Fifth Edition, 


35. ^d, net 

Typhoon. A Play in Four Acts. Melchior 
Lengyel. English Version by Laurence 
Irving. Second Edition. 

Ware Case, The. George Pleydell. 
General Post. J. E. Harold Terry. 
Second Edition. 

The Honeymoon. Arnold Bennett. Third 
Edition. 
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Sports Series 


Illustrated. 

All About Flying, 3s. net. Alpine 
Ski-ing at All Heights and Seasons, 
5s. net. Cross Country Ski-ing, 5s. net. 
Golf Do’s and Dont’s, as. td. net. 
Quick Cuts to Good Golf, as. 6d. net. 
Inspired Golf, as. ^d. net. Driving, 
Approaching, Putting, as. net. Golf 
Clubs and How to Use Them, as. net. 
The Secret of Golf for Occasional 


Fcap. Svo 

Players, as. net: Lawn Tennis, 3s. net. 
Lawn Tennis Do’s and Dont’s, as. net. 
Lawn Tennis for Young Player », 
as. 6d. net. Lawn Tennis for Club 
Players, as. 6d. net. Lawn Tennis for 
Match Players, as. 6d. net. Hockey, 
4s. net. How to Swim, as. net. Pu.'tT- 
ING, 3s. 6d. net. Skating, 3s. net. 

Wrestling, as. net. 


The Westminster Commentaries 

General Editor, WALTER LOCK 
Demy 


The Acts of the Apostles, las. 6d. net. 
Amos, 8s. 6d. net. 1 Corinthians, 8s. 
6d. net. Exodus, 15s. net. E2Ekiel, 
12s. 6d. net. Genesis, 16s. net. Hebrews, 
8s. 6d. net. Isaiah, i6s. net. Jeremiah, 


i6s.net. Job, 8s. 6d. net. The Pastoral 
Epistles, 8s. 6d. net. The Phiuppians, 
8s. 6d. net. St. James, 8s. 6d. net. St, 
Matthew, 15s. net. St. Luke, 15s. net. 


Methuen’s Two-Shilling Library 
Cheap Editions of many Popular Books 
Fcap. Svo 


Part III. — A Selection of Works of Fiction 


Bennett (Arnold)— 

Claykanger, 8s. net. Hilda Lessways, 
8 s. 6d. net. These Twain. The Card. 
The Regent : A Five Towns Story of 
Adventure in London. The Price of 
Love. Burup Alive. A Man from 
THE North. ^Vhom God hath Joined. 
A Great Man ; A Frolic. Mr. Prohack. 
All ?s. 6d, net. The Matador of the 
Five Towns, 6s. net. 


Birraingbam (George A.)— 

Spanish Gold. The Search Party. 
Lalage’s Lovers. The Bad Times. Up, 
THE Rebels. The Lost Law'yer. All 
75- 6d. net. Inisheeny, 8s. 6d. net. The 
Great-Grandmother, 7s. €fd. net. Found 
Money, 7s. 6d. net. 


Burroughs (Edgar Rice) — 

Tarzan of the Apes, 6s. net. The 
Return of Tarzan, 6s. net. The Beasts 
OF Tarzan, 6s. net. The Son of Tarzan, 
6s net Jungle Tales of Tarzan, 6s. 
net. Tarzan and the Jewels of Opar, 
6s. net. Tarzan the Untamed, 7s. 6d. net. 
A Princess of Mars, 6s. net. The Gods 
OF Mars, 6s. net. The Warlord of 
Mars, 6s. net. Thuvia, Maid of Mars, 
6s. net. Tarzan the Terrible, as. 6d. net. 
The Mucker, 6s. net. The Man with- 
out A Soul, 6s. net. The Chessmen of 
Mars, 6s. net. At the Earth’s Core, 
6s. net. 


Conrad (Joseph)— 

A Set of Six, 7s. 6d. net. 


Victory; An 


Island Tale. Cr. 8vo. 9s. net. The 
Secret Agent : A Simple Tale. Cr. 8ro, 
9s. net. Under Western Eyes. Cr, 
8vo. 9s. net. Chance. Cr. St'o, gs. net. 

Corelli (Marie)— ^ 

A Romance of Two Worlds, 7s. 6i. net. 
Vendetta : or. The Story of One For- 
gotten, 8s. net. Thelma : A Norwegian 
Princess, Ss. td. net. Ardath : The Story 
of a Dead Self, 7s. 6d. net. The Soul of 
Lilith, 7s. 6d. net. Wormwood : A Dranaa 
of Paris, 8s. net. Barabbas : A Dream of 
the World's Tragedy, 7^, rtrf. The Sor- 
rows of Satan, 7s. 6d.net. The Master- 
Christian, 8s. 6i. net. Temporal Power : 
A Study in Supremacy, 6s. net. Goo’s 
Good Man ; A Simple Love Story, 8s. 6d, 
net. Holy Orders : The Tragedy of a 
Quiet Life, 8s. 6d. net. The Mighty Atom, 
7s. 6d. fiet. Boy : A Sketch, 7s. 6d. net. 
Cameos, 6s. net. The Life Everlasting, 
8s. 6d. net. The Love of Long Ago, and 
Other Stories, 8s. 6i. net. Innocent, 
7s. 6£i. net. The Secret Power : A 
Romance of the Time, 6s. net, 

Hiehens (Robert)— 

Tongues of Conscience, 7s. od. net, 
Felix : Three Years in a Life, 7s. 6d. net. 
The Woman with the Fan, 7s. 6d. net. 
The Garden op Allah, Ss. 6d. net. 
The Call of the Blood, 8s. 6d. net. 
The Dweller ON the Threshold, 7s. 6d. 
net. The Way of Ambition, 7s. 6d. net. 
In the Wilderness, 7s. 6d. net. 
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Hope (Anthony)— 

A Change of Air. A Man of Mark. 
Simon Dale. The King's Mirror. 
The Dolly Dialogues. Mrs. Maxon 
Protests. A Young Man’s Year. 
Beaumaroy Home from the Wars. 
All 75. 6d, net* 

Jacobs (W. W.)— 

Many Cargoes, 5s. net. Sea Urchins, 
5s. net and 3*. td. net. A Master of 
Craft, 6s. net. Light Freights, 6s. net. 
The Skipper’s Wooing, 5s. net. At Sun- 
wicH Port, 5s. neU Dialstone Lane, 
5s. na. Odd Craft, 5s. net. The Lady 
of the Barge, 5s. net, Salthaven, 6s. 
net. Sailors’ Knots, 5 *- net. Short 
Cruises, 6s. net, 

London (Jack)— WHITE FANG, mnth 
rldiiion. Cr. Zvo, 7s. 6 d. net. 

Lucas (E. V.) — 

Listener’s Lure : An Oblique Narration, 
6s. net. Over Bekerton’s: An Easy- 
going Chronicle, 6s. net. Mr. Inglesidb, 
6s. net. London Lavender, 6s. net. 
Landmarks, 6s. net. The Vermilion 
B ox, 6s. net. Verena in the Midst, 
8s. 6d. net. Ross and Rose, 6s. net. 
Gbnsvra’s Money, ys. 6d, net. 

McKenna (Stephen) — 

Sonia: Between Two Worlds, 8s. net. 
Ninety-Six Hours* Leave, 7s. 64 . net. 
The Sixth Sense, 6s. net. Midas & Son, 
8s. net. 


Malet (Lucas)— 

The History of Sir Richard Calmady ; 
A Romance. los. net. Tee Carissima. 
The Gateless Barrier. Dxadham 
Hard. All 7s. 6d. net. The Wages op 
Sin. 8s. net. Colonel Enderby’s Wife, 
7s. 6d. net. 

Mason (A. B. W.). CLEMENTINA. 
Illustrated. Ninth Edition. 73. 6d. net. 


Milne (A. A.)— 

The Day’s Play. The Holiday Round, 
Once a Week. All 7s. 6 d. net. The 
Sunny Side. 6s. net. The Red House 
Mystery. 6s. net. 

Oxenham (John) — 

The Quest of the Golden Rose. Mary 
All-Alone. 75. 6d. net, 

Parker (Gilbert) — 

Mrs. Falchion. The Translation 
OF A Savage. When Valmond cams 
TO Pontiac; The Story of a Lost 
Napoleon. An Adventure or the 
North : The Last Adventures of ’ Pretty 
Pierre.’ The Seats or the Mighty. The 
Battle of the Strong : A Romance 
of Two ICingdoms. The Trail of the 
Sword. Northern Lights. Judgement 
House. All ys. 6d. net. 

Phillpotts (Eden)— 

Children of the Mist. The River. 
The Human Boy and the War. All 
73. 6d. net, 

Rohmer (Sax) — 

The Golden Scorpion. 7s. 6d. net. The 
Devil Doctor. The Mystery of Dr. 
Fu-Manchu. The Yellow Claw. All 
3s. 6d. net. 

Swinnerton (P.) Shops and Houses. 
September. The Happy Family. On 
The Staircase, Coquette. The Chaste 
Wife. All ys. 6d. net. The Merry 
Heart, The Casement, The Young 
Idea. All 6s. net. The Three Lovers, 
ys. 6d. net. 

Wells (H. G.). BEALBY, Fourth Edition. 

Cr. Svo. ys 6d. net. 

Williamson (C. N. and A. M.) — 

The Lightning Conductor ; The Strange 
Adventures of a Motor Car. Lady Betty 

ACROSS THE WATER. It HAPPENED IN 

Egypt. Thu Shop Girl. The Lightning 
Conductress. My Friend the 
Chauffeur. Set in Silver. The 
Great Pearl Secret. The Love 
Pirate. All ys. 6d. net. Crucifix 
Corner. 6s. net. 


9Mf-Crown Novels 

Bvo 

CJie^p Editions of many qf3«xelmost Popular Novels of the day 
fof\ Compute List 

MethueiCs "Two-Shilling Novels 

Fcap, Svo 

Wrue for Complete List 
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